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Reflection in a circle (inversion)

To construct the image A’ of a point A by reflection in a line [ we usually
proceed as follows. We draw two circles with centers on [ passing through
A. The required point A’ is the second point of intersection of the two circles
(Figure 1). We say of A’ that it is symmetric to A with respect to [.
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FIGURE 1

Here we are making use of the fact that all circles with centers on a line
[ passing through a point A pass also through the point A’ symmetric to
A with respect to [ (Figure 2). This fact can be used as a definition of a
reflection in a line: Points A and A’ are said to be symmetric with respect
to a line | if every circle with center on | passing through A passes also
through A’. 1t is clear that this definition is equivalent to the one in NML 8,
p.-41.

In this section we consider a reflection in a circle. This transformation is
analogous in many respects to a reflection in a line and is often useful in the
solution of geometric problems.



2 Circular Transformations

FIGURE 2

Our starting point is the definition of a reflection in a line just given. We
modify this definition slightly.

In this book we will frequently speak of an angle between two circles
or an angle between a circle and a line. Draw the tangents to two circles
at a point of their intersection. It is natural to call the angle between these
tangents the angle between the two circles at that point (Figure 3a). This
definition implies that the angle between two circles is equal to the angle
between the radii to the point of tangency (or to the adjacent angle; the angle
between two circles, as well as the angle between two lines, is not uniquely
defined: we can say that it is equal to « or to 180° — «). Similarly, if a line
[ intersects a circle S in a point, then we call the angle between the line
and the tangent to the circle at that point the angle between the line and the
circle (Figure 3b).!

(a) (b)
FIGURE 3



Reflection in a circle (inversion)

FIGURE 4

The circles whose centers lie on a line / (and only these circles) are
perpendicular to [ (Figure 4). This justifies the following definition of a
reflection in a line: Points A and A" are symmetric with respect to a line l if
every circle passing through A and perpendicular to | passes also through
A

We now prove the following theorem.

Theorem 1. All circles passing through a point A and perpendicular to a
given circle X (not passing through A) pass also through a point A’ different
from A.

Proof. Let S be a circle passing through A and perpendicular to the
circle ¥ (Figure 5). Draw a line through A and the center O of X and join
O to the point B of intersection of X and S. Since S is perpendicular to Z,
OB is tangent to S. Let A’ be the second point of intersection of the line

FIGURE 5
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OA and the circle S. In view of a well-known property of a tangent to a
circle, we have

0A - 04' = OB?,

or
R2

a )

where R is the radius of X. This shows that A’, the point of intersection
of OA and S, does not depend on the choice of S. Hence all circles S
perpendicular to ¥ and passing through A intersect the line OA in the same
point A’ (Figure 6), which is what we wished to prove.

04 =

FIGURE 6

Now the following is seen to be a natural definition: A point A is said to
be symmetric to a point A’ with respect to a circle X if every circle passing
through A and perpendicular to . passes also through A’ It is clear that
if A’ is symmetric to A with respect to X, then A is symmetric to A’ with
respect to X (see Figure 6). This allows us to speak of points mutually
symmetric with respect to a circle. The totality of points symmetric to the
points of a figure F' with respect to a circle X forms a figure F’ symmetric
to F with respect to X (Figure 7). If A’ is symmetric to A with respect to
3, then we also say that A’ is obtained from A by reflection in X.

It is reasonable to regard a reflection in a line as a limiting case of a
reflection in a circle. The reason for this is that we may think of a line as a
“circle of infinite radius.” We will see in the sequel that inclusion of lines in
the class of circles simplifies many arguments connected with reflections in
circles.
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FIGURE 7

A reflection in a circle is also called an inversion. Then the circle one
reflects in is called the circle of inversion, its center is called the center
of inversion, and k = RZ, the square of its radius, is called the power of
the inversion. The term “inversion” has less intuitive appeal than the term
“reflection in a circle” but it has the virtue of brevity. Hence its popularity.
We will routinely use this term in the sequel.

It is clear that an inversion can also be defined as follows: An inversion
with power k and center O is a mapping that takes a point A in the plane
to a point A’ on the ray OA such that

kK
04
(Figure 8a).3 Obviously, this definition is equivalent to the one given earlier

(see the proof of Theorem 1). While it is less geometric than the previous
one, this definition has the virtue of simplicity.*

0A' ()

(a) (b)
FIGURE 8

It is sometimes convenient to consider a transformation that takes a point
A to apoint A’ such that A and A’ are collinear with a fixed point O, lie on
either side of O, and OA’ = k/OA (Figure 8b). We call such a mapping an
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inversion with center O and negative power —k.> It is clear that an inversion
with center O and negative power —k is equivalent to an inversion with
center O and positive power k (a reflection in the circle S with center O
and radius v/k ) followed by a reflection in O.

An inversion with negative power can be defined geometrically in a manner
analogous to the first definition of an inversion with positive power (a reflection
in a circle). In this connection the following theorem plays a key role.

Theorem 1'. Al circles passing through a given point A and intersecting a given
circle X in two diametrically opposite points pass also through a point A’ different
from A.

In fact, let B; and By be the endpoints of the diameter of a circle £ in which
a circle S passing through the given point A intersects X (Figure 9a). Draw a line
through A and the center O of £ and denote by A’ its second point of intersection
with the circle S. Let M N be the diameter of S passing through O. Since the center
of S is equidistant from B; and B, and O is the midpoint of the segment B B>, it
follows that M N L Bj Bj. This implies that OB is an altitude of the right triangle
MB; N. By a well-known theorem 0312 = MO - ON. On the other hand, by the
property of chords in a circle, MO - ON = A’O - OA. Hence

A'0- 04 = OB},

that is,
R2
A0 =—, Kok
0A ()
where R is the radius of X. This implies that A’ O is independent of the choice of
the circle S. Hence all circles passing through A and intersecting ¥ in diametrically
opposite points pass through the same point A’.

The relation (x*) shows that if every circle passing through a point A and
intersecting a circle X with center O and radius R in diametrically opposite points
passes also through another point A', then A’ is obtained from A by an inversion
with (negative) power —R? and center O.

We now list some basic properties of inversion.

A. Under an inversion with center O and power k the circle ¥ with
center O and radius \/m (if k is positive, then X is the circle of inversion)
goes over to itself, the points in its interior (other than its center) go over to
points in its exterior, and conversely.

The center O of inversion is the only point in the plane that does not go
over to any point in the plane (nor is it the image of any point in the plane).

Property A of inversion follows immediately from the basic formula
(x): If OA = \/W (the point A lies on the circle of inversion X), then
0A’ = |k/OA| = \/|k|, that is, A’ is also on X; if 04 < /|k| (the point
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FIGURE 9

A lies in the interior of ¥), then OA’ = |k/OA| > \/|k|, that is, A’ lies in
the exterior of ; if 04 > /|k|, then 0A’ = |k/OA| < \/|k].

We note that if the power of an inversion is positive (the inversion is
a reflection in a circle %), then every point of ¥ goes over to itself (is a
fixed point of the inversion), and if the power is negative, then every point
of ¥ goes over to the diametrically opposite point of ¥ (an inversion with
negative power has no fixed points).
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(a)

FIGURE 10

Bi. Aninversion maps a line | passing through the center of inversion
O to itself.

The proof of this assertion is an immediate consequence of the fact that
the image A’ of a point A under inversion lies on the line OA.

B>. An inversion maps a line | not passing through the center of
inversion O on a circle passing through O.

Let P be the point of intersection of / and the perpendicular from O to
[ and let P’ be its image under inversion (see Figure 10a which depicts the
case of an inversion with positive power; the proof is virtually the same if
the power is negative). The second definition of an inversion implies that

k
ﬁ 5
where k is the power of the inversion. Let A be a point on / and let A’ be its
image under inversion. Then

oP’ =

OP -OP' = OA-0A' =k,

so that

or oA

04~ OP"
The latter implies the similarity of the triangles OPA and OA’ P’ (for they
share an angle and the ratios of its sides in the two triangles are equal).
Hence ZOA’P’ = ZOPA = 90°, that is, A’ lies on the circle S whose
diameter is the segment OP’.

Bis. An inversion maps a circle S passing through the center of inver-
sion O on a line | not passing through O.

Let P be the second endpoint of the diameter of S passing through the
center O and let P’ be its image under our inversion. Let A be a point
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on S with image A’ (Figure 10b). As before, we prove that the triangles
OP’'A" and OAP are similar (for OP - OP' = OA - OA’ = k), so
that ZOP'A" = ZOAP = 90°, that is, A’ lies on the line through P’
perpendicular to OP.

B4. An inversion maps a circle S not passing through the center of
inversion O on a circle S’ (not passing through O).

FIGURE 11

Let A be a point on S with image A" under our inversion and let A; be
the second point of intersection of the line OA and S (Figures 11a and 11b).

‘We have
k

04’
where k is the power of the inversion. On the other hand, in view of a
well-known property of circles,

04" =

= O—Al ,
where k1 is independent of A (if O is exterior to S, then k; is the square of
the tangent from O to §). The last two formulas imply that

k
04" = = . 0A,,
ky !

that is, A’ is centrally similar to A; under the similarity with center O and
coefficient k/ k1, and hence is on the circle S’ that is centrally similar to S
under this similarity.® This proves our assertion.

OA - OAy = ky, 0A
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We note that our inversion does not map the center of S on the center of
S’

We give another proof of property B4 of inversion which is closer to the proofs
of properties B, and Bs.

Let Q be the center of S, M and N the points of intersection of the circle S
with the line OQ (O is the center of inversion), 4 any point on S, and M’, N’, A’
the images under inversion of M, N, A (Figure 12). Just as in proving properties By
and B3, we show that ZOAM = ZOM’A’ and ZOAN = ZON’A’. Obviously,
/MAN = LOAN — ZOAM and ZM'A'N' = ZON'A" — ZOM' A’. Hence

IM'AN = ZMAN = 90°,

which means that A’ lies on the circle S’ with diameter M'N’.

- ~
A4 "
5 ’q/!r "“--,___- \\
/"’ =N ﬂf e S~ \
0 M g KV/V" M
\ /
\ i
\\\ ’,/
FIGURE 12

The following proposition combines properties B; through B4 of inver-
sion.

B. Aninversion maps a circle or a line on a circle or a line.

We note the following consequence of property Bs. Given a circle, there
is always an inversion that maps it on a line. In fact, all we need do is
choose any of its points as the center of inversion.

It is easy to see that there is always an inversion which maps one of two given
circles on the other. If the given circles are incongruent, then this can be done in
two ways by taking as the respective centers of inversion the exterior and interior
centers of similarity of these circles (see the proof of property B4). If the two circles
are congruent, then there is just one inversion which maps one of them on the other
(two congruent circles have just one center of similarity; see NML 21, p. 14). But
in that case we can map the two circles on each other by reflection in their axis of
symmetry, and this reflection can be viewed as a limiting case of inversion (see p.
5).

Similarly, there are two inversions which map a circle and a line not tangent to it
on each other. The centers of the two inversions are the endpoints of the diameter of
the circle perpendicular to the line (see the proofs of properties B, and B3). If the
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circle and the line are tangent to one another, then there is only one inversion which
maps the two on each other.

Two lines cannot be mapped on each other by an inversion but can be mapped
on each other by a reflection in a line. If the two lines are not parallel, then there
are two such reflections (their axes are the two perpendicular bisectors of the angles
formed by the lines), and if they are parallel, then there is just one such reflection.

C. Inversion preserves the angle between two circles (or between a
circle and a line or between two lines).

FIGURE 13

Assume that one of the two figures is a line passing through the center of
inversion. If the second figure is also a line, then for proof consider Figure
13a, where Q is the center of the circle S which is the image of the (second)
line [ and A’T is the tangent to S at A’. It is clear that

LTA'O =90° — LOA'Q =90° — LA'OQ = LPAO

(see the proofs of properties B, and B3 of inversion). If the second figure
is a circle, then for proof consider Figure 13b, where Q and Q' are the
respective centers of the circles S and S’, AT is the tangent to S at A, and
A'T’ is the tangent to S’ at A’. It is clear that

LOQ'A0=20A410 = LOAA;,
/TAA; =90°— ZQAA; =90° — ZQA A
=90°—ZQ'A'0 = £T'A'0O
(see the proof of property B4 of inversion).
Now consider the case of two circles S; and S, which intersect in a point
A. Let their images under inversion be circles Sj and S} which intersect in

apoint A". Let AT} and AT, be the tangents to Sy and S, at 4, and let A'T}
and A'T, be the tangents to S| and S’ at A" (Figure 14). From what was
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FIGURE 14

proved earlier it follows that
LT{AO0 = £LT1AO and LT,A'0 = £LT»AO.
But then
LT{A'T, = LT\ AT,
which is what we wished to prove.

The angle between two tangent circles (or a line and a circle) is equal to
zero. If the point of tangency is not the center of inversion, then property C
implies that the images under inversion of two tangent circles and of a line
tangent to a circle are, respectively, two tangent circles and a line tangent

to a circle. If the point of tangency is the center of inversion, then each of
the images in question is a pair of parallel lines (Figure 15).

Z; ZZ

5 ~J
% N

]
[

FIGURE 15
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Inversion reverses the direction of the angle between two circles (or between two
lines, or between a line and a circle). (In this it resembles a reflection in a line.)
Specifically, let S7 and S> be two circles which intersect in a point A. Let the
respective tangents at A to these circles be AT7 and AT, and let AT go over to
AT, under a counterclockwise rotation through o about A. Then the image of this
configuration under an inversion consists of circles S; and S which intersect in a
point A’, and the tangent A’T} to S| at A’ goes over to the tangent A'T, to S} at A’
under a clockwise rotation through an angle o about A’ (Figures 16a and 16b).

(b)

FIGURE 16

By a tangent to a curve y at a point M we mean the limiting position of a secant
MM; when M; tends to M (Figure 17a). By the angle between two curves which
intersect in a certain point we mean the angle between their tangents at that point
(Figure 17b). It is easy to show that inversion takes two intersecting curves to two
new intersecting curves which form the same angle as the original curves (in other
words, inversion preserves angles between curves).’

/;

M,

M (a) (b)

FIGURE 17
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S W i

7 (a)

FIGURE 18

In fact, let y be a curve and let y’ be its image under an inversion with center O
and power k. Let M and M be two close points on y with respective images M’
and M| on y’ (Figure 18a). Since OM/OM| = OM;/OM’ (this equality follows
from OM - OM' = OM; - OM{ = k), the triangles OMM; and OM{M’ are
similar. Hence ZM{ MO = LM’M{ O. If M tends to M, then the angle OM M,
tends to the angle OM T formed by the tangent M T to y at M and the line OM,
and the angle OM{ M’ tends to the angle OM'T’ formed by the tangent M'T” to
y’ at M’ and the line OM’. Arguing as we did in proving property C, we deduce
from the equality of the angles formed by the tangents M T and M'T’ to y and y’
with the line OM M’ (Figure 18a) that inversion preserves the angle between curves
(Figure 18b).

We note that properties B and C of inversion (reflection in a circle) hold
for reflection in a line. Property A of a reflection in a circle is analogous to
the following property of a reflection in a line: A reflection in a line [ fixes |
and interchanges the halfplanes into which [ divides the plane.

The solutions of the problems below are based on properties A, B, and C

of inversion. For refinements required in particular problems see p. 28f.

1. Let S be a circle tangent to two circles S and S». Show that the line
joining the points of tangency passes through a center of similarity of the
two circles.

This problem appears, in another context, as Problem 21 in NML 21.

2. Let A and B be two given points on a circle S. Consider all pairs of
circles S; and S, tangent to S at A and B respectively and

(a) tangent to each other;

(b) perpendicular to each other.

In (a) find the locus of the points of tangency and in (b) the locus of the
points of intersection of S; and S5.
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3. Let 4, B, C, D be four points that are neither collinear nor concyclic.
Show that the angle between the circles circumscribed about the triangles
ABC and ABD is equal to the angle between the circles circumscribed
about the triangles CDA and CDB.

4. Let S1, S2, and S be semicircles with collinear diameters AM, M B,
and A B (Figure 19). At M draw the perpendicular M D to the line AB and
inscribe circles £ and X, in the curvilinear triangles ADM and BDM.
Show that

(a) X, and X, are congruent;

(b) the common tangent to ¥; and S at their point of tangency passes
through B and the common tangent to ¥, and S, at their point of tangency
passes through A.

FIGURE 19

5. Show that if each of four circles Sy, S, S3, and S4 is tangent to two
of its neighbors (for example, the neighbors of S; are S, and S4), then the
four points of tangency are concyclic; in Figure 20 they lie on the circle X.

FIGURE 20



16 Circular Transformations

6. (a) Given six coplanar points Ay, A, A3 and By, B, B3. Show that
if the circles circumscribed about the triangles A; A» B3, A1 A3 B, and
A, A3 B, intersect in a single point, then so do the circles circumscribed
about the triangles By B, A3, B1B3A,, and By B3A; (see Figure 38a on
p- 30)

(b) Given four circles Sy, Sz, S3, and S4 that intersect in pairs: S; and
S» in points A1 and A,, S» and S3 in points B and B, S3 and S4 in points
C1 and C3, and S4 and S in points D and D, (Figure 21a). Show that if
A1, By, Cq, and D lie on one circle (or line) X, then A,, B,, Co, and D,
also lie on one circle (or line) ¥'.

FIGURE 21

(¢) Given six coplanar points Ay, A>; By, Ba; Cp, Cy. Show that if
the circles Si, S», S3, and S4 circumscribed about the triangles A1 B1C1,
A1B2Cs, A» B1C5, and A, B> Cy intersect in one point (O in Figure 21b),
then so do the circles S, $2, 3, and S* circumscribed about the triangles
Al B]Cz, Al BzC], AzB]C], and A232C2 (0/ in Figure Zlb)

7.(a) We will say of n lines in a plane that they are in general position if
no two of them are parallel and no three of them are concurrent.

We will call the point of intersection of two lines in general position (that
is, two intersecting lines) their central point (Figure 22a).
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FIGURE 21

By successively removing each of three lines in general position we
obtain three pairs of lines. We call the circle passing through the three
central points of these three pairs of lines the central circle of the three
lines. [Obviously, the central circle of three lines is simply the circle cir-
cumscribed about the triangle formed by these lines (Figure 22b).]

By successively removing each of four lines in general position we obtain
four triples of lines. Show that the four central circles of these triples of lines
intersect in a single point (Figure 22c¢).8 We call this point the central point
of four lines.

By successively removing each of five lines in general position we obtain
five quadruples of lines. Show that the five central points of these quadruples

() (b)
FIGURE 22
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(d)
FIGURE 22

of lines lie on a single circle (Figure 22d). We call this circle the central
circle of five lines.’

Quite generally, by successively removing each of n lines in general
position, n odd, we obtain n central points of the groups of n — 1 lines.
Show that these 7 central points lie on a single circle, the central circle of
lines. To each n lines in general position, n even, there correspond 7 central
circles associated with all possible groups of n — 1 lines. Show that these n
circles always intersect in a single point, the central point of n lines.

(b) The circle passing through two points on two intersecting lines and
through their point of intersection is called the directing circle of the two
lines (Figure 24a).
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Now consider three lines in general position with a point given on each
line. By successively removing each of the three lines we obtain three pairs
of lines. Show that the directing circles of these three pairs of lines intersect
in a single point, the directing point of three lines (Figure 24b).!0

Next we consider four lines in general position with a point given on each
line. We require these points to be concyclic. By successively removing
each of the four lines we obtain four triples of lines, and thus four directing
points of the four triples. Show that these four points lie on a circle, the
directing circle of four lines (Figure 24¢).11

Quite generally, to an odd number 7 of lines in general position on each
of which we are given a point such that the given points are concyclic there
correspond 7 circles, the directing circles of the groups of n — 1 lines with
a given point on each line, obtained by successively removing one of the

FIGURE 24
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given n lines. Show that these n circles intersect in a single point, called
the directing point of n lines. To an even number n of lines in general
position on each of which we are given a point such that the given points
are concyclic there correspond 7 points, the directing points of the groups
of n — 1 of our lines. Show that these » points lie on a circle, the directing
circle of n lines.

In problems 7(a) and 7(b) it is assumed that the given n lines are in general
position. We note that this assumption is not essential. In this connection see pp.
28-29 below.

8. (a) Prove the following relation connecting the radii R and r of the
circumscribed and inscribed circles of a triangle and the distance d between

their centers:
IR B | “
R+d R—-d r
Conversely, if the radii R and r of two circles and the distance d between
their centers satisfy the relation (%), then these circles can be regarded as
the circumscribed and inscribed circles of a triangle (in fact, of an infinite
number of triangles; as a vertex of such a triangle we can take any point of

the larger circle (see Figure 26)).

FIGURE 26

(b) Prove the following relation connecting the radii R and r; of the
circumscribed and escribed circles of a triangle and the distance d; between

their centers:
1 1 1

dl—R_dl-i-R:Z.

Remark. The formulas in Problems 8(a) and 8(b) can be rewritten in
the following simple form

d* = R?>-2Rr and d? = R?> +2Rr,.
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9. (a) A quadrilateral ABCD is inscribed in a circle and circumscribed
about another circle. Show that the lines joining the points of tangency
of the opposite sides of the quadrilateral with the inscribed circle are
perpendicular.

(b) Show that the radii R and r of the circles circumscribed about
and inscribed in the quadrilateral ABCD and the distance d between their
centers are connected by the relation

1 1 1

R+d?  (R—dpP 72 (x5)

Conversely, if the radii R and r of two circles and the distance d between
their centers satisfy the relation (%), then these circles can be regarded
as the circumscribed and inscribed circles of a quadrilateral (in fact, of an
infinite number of quadrilaterals; as a vertex of such a quadrilateral we can
take any point of the larger circle (see Figure 27)).

FIGURE 27

The theorems in problems 8(a) and 9(b) show that either there is no n-gon
(n = 3 orn = 4) inscribed in one of two given circles and circumscribed
about the other or there are infinitely many such n-gons. One can show that
this proposition holds also for any n > 4 (see problem 41 in Section 3, p.
59).

10. Show that the radius r of the inscribed circle of a triangle cannot
exceed half the radius R of the circumscribed circle, and that the equality
r = R/2 holds if and only if the triangle is equilateral.

11. Show that the nine point circle of a triangle (see problem 17(a) in
NML 21) is tangent to the inscribed circle as well as to the three escribed
circles (Figure 28).

See also Problem 63 in Section 5.
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FIGURE 28

12. Use the properties of inversion to deduce Pascal’s theorem (problem
46, p. 62 in NML 24) from the theorem on three centers of similarity (p. 29,
NML 21).

We will now prove a theorem which will be frequently used when solving
subsequent problems in this book.

Theorem 2. Any two circles, or a line and a circle, can be transformed
by an inversion into two (intersecting or parallel) lines or two concentric
circles.

Proof. A circle S can always be inverted into a line by using any of its
points as a center of inversion (see p. 11). If we invert a line using any of its
points as the center of inversion, then the line goes over to itself. It follows
that if two circles, or a line and a circle, have a point in common, then
an inversion with the common point as center takes either pair of figures
to a pair of lines. More specifically, if the figures of a pair are tangent to
one another, then the two image lines are parallel (Figure 29b), and if they
share another point, then the two image lines intersect in its image under
the inversion (Figure 29a).

It remains to show that two nonintersecting circles, or a line and a circle
without common points, can be inverted into two concentric circles. The
proof follows.
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Suppose that a circle S and a line / have no points in common (Figure 30).
Drop a perpendicular o from the center of S to / and denote its foot by P.
Draw a circle S with center P and radius whose length is that of the tangent
PQ from P to S;itis clear that S is perpendicular to both S and /. Consider
an inversion whose center O is one of the points of intersection of S and o.
Under this inversion o goes over to itself (property B, of inversion) and S
goes over to a line Ky (property B3). The line / and the circle S go over to
two circles /" and S’ (properties B, and B4) both of which are perpendicular
tooas wellas to S (property C). But if a circle is perpendicular to a line,
then its center lies on that line (see p. 3). Hence the centers of the circles
!” and S’ are on the lines o and E/, that is, coincide with their point of
intersection. This shows that, as asserted, our inversion takes the circle S
and the line / to two concentric circles.

-~

-

FIGURE 30
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FIGURE 31

One can show by a similar argument that two nonintersecting circles Sy
and S, can be taken by inversion to two concentric circles. First we show
that there is a circle S with center on the line o determined by the centers
of our circles that is perpendicular to both S; and S». To this end we use
an inversion whose center A is a point of intersection of S, and o. This
inversion takes the disjoint circles S; and S, to two disjoint figures, namely
acircle S and aline S, (Fi gure 31a). Let S be the circle whose center is the
point of intersection of the lines 0 and S, and the length of whose radius is
equal to the length of the tangent from P to S ; the circle S is the preimage
of S under our inversion. Since S is perpendicular to both S and S, (see
above), it follows (by property C of inversion) that S is perpendicular to
both S7 and S5.

All we need do now is apply an inversion whose center O is a point
of intersection of S and 0. One shows, just as was done before, that this
inversion takes the circles S; and S, to two concentric circles S i and Sé
(whose common center is the point of intersection of the line o and the line
S’, which is the image of the circle S under the inversion; see Figure 31b).
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13. Let X; and ¥, be two internally tangent circles. A sequence of circles
So, S1, 82, ... isinscribed in the figure formed by X, and X, (Figure 32).
The center of Sy lies on the line A B determined by the centers of 3; and X,
and S, is tangentto S,y (n = 1,2,3,...). Letro, 71, 12, 13, ... denote the
radii of the circles Sy, S1, S2, S3, ... and dy, d1, da, ds, . .. the distances of
their centers from the line AB.

(a) Show thatd, = 2nry,.

(b) Express the radius r, of S, in terms of the radii R; and R, of X,
and X, and the number 7.

14. Let X; and X, be two intersecting circles. Let Sy, S2, S3,... be
circles inscribed in the lune formed by X; and X, (Figure 33). Let
r1, 72, F3, ... denote the radii of the circles S1, Sa, S3, ... and dy, d», d3, . ..

FIGURE 33
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FIGURE 34

the distances of their centers from the common chord AB of X; and X,.
Show that

1 2 r3
di dy ds
What is the geometric significance of ¢?
15. Let So, S1, 52, S3, ... becircles internally tangent to the semicircle X

and to its diameter A B (Figure 34). Denote by R, rg, r1, 2, 13, ... the radii
of the circles X, So, S1, S2, S3,... and by 1/19,1/t1,1/15, ... the ratios
ro/R, ri/R, r2/R,....
(a) Express the radius r, of S, in terms of the radius R and the number
n.
(b) Show that

to=2,t1 =4,t,b = 18,13 = 100,14 = 578, ...

and that, more generally, t,(n > 2) is an integer expressible in terms of
th—1 and t,—» by the simple formula

th = 6ty—1 — ty—r — 4.

16. A chain is a set of finitely many circles Sy, S», ..., S, each of which
is tangent to two nonintersecting circles ¥ and X, (called the base of the
chain) and to two other circles (see Figures 35a and 35b). Clearly, if one of
the circles X1 and X, is in the interior of the other, then the circles of the
chain are tangent to them in different ways (externally to one and internally
to the other; Figure 35a); and if each of the circles ¥; and X, is in the
exterior of the other, then the circles of the chain are tangent to them in the
same way (externally or internally to both; Figure 35b). Prove that

(@) If X; and X, are the base of a chain, then they are the base of
infinitely many chains each of which contains as many circles as the initial
chain. [More precisely, any circle tangent to X; and X, (in different ways
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FIGURE 35

if one of these circles is in the interior of the other, and in the same way if
each of them is in the exterior of the other) can be included in a chain with
base X1, X».]

(b) For two nonintersecting circles ¥; and X, to be the base of a chain
(and thus of infinitely many chains; see problem (a)), it is necessary and
sufficient that the angle «, between circles S1and S2 tangent to X7 and X,
at the points of their intersection with the line determined by their centers,
be commensurable with 360°; here S! and S? must be tangent to ¥; and
¥, in the same way if one of the latter circles is in the interior of the other
(Figure 36a) and in different ways if each of them is in the exterior of the

AN
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(a)

FIGURE 36
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(b)
FIGURE 36

other (Figure 36b). More specifically, if
a="".360°,
n
then ¥ and X, can serve as the base of a chain of n circles. Moreover, the
points of tangency of the circles of the chain with ¥; (or with ¥,), taken
in the same order as the order of the circles in the chain, traverse X1 (or
3,) m times (in Figures 35a and 35b, m = 1).

The fraction m/n is called the characteristic of the chain.

(¢) Suppose that a chain with base X1, ¥, contains an even number of
circles S1, 53, ..., S2,. Then S; and S,41, the “antipodal” circles of the
chain, can also serve as the base of a chain (Figure 37). Moreover, if the
characteristic of the chain with base X1, X, is m/n (see part (b)) and the
characteristic of the chain with base Sy, S+ is m’/n’, then

m m 1

n n 2

We conclude this section with the observation that the existence in
the plane of a special (“distinguished”) point (center of inversion), which
does not go over to any point under inversion, calls for certain—hitherto
ignored—stipulations. For example, the condition stated in problem 6(a)
is not quite correct: the fact that the circles circumscribed about the trian-
gles A1 A2 B3, A1 A3 B, and A, A3 By intersect in a single point does not
imply the existence of circles circumscribed about the triangles B; B, A3,
B1B3A5, and B; B3 Aj—itis possible that one of the point-triples By, B, A3;
B1, B3, As; and B,, B3, A; (or possibly all three of them) is collinear. The
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FIGURE 37

following is a correct formulation of the problem: If the circles circum-
scribed about the triangles A1 A, B3, A1 A3Bj, and Ay A3 By intersect in
a single point, then either the circles circumscribed about the triangles
B1 By A3, B1B3A», and By B3 Ay intersect in a single point (Figure 38a)—
here one or two of these circles can be circles of “infinite radius,’ that is,
lines (Figure 38b)—or each of the point-triples By, B>, As; By, B3, Ay;
and By, B3, A; is collinear (Figure 38c). Similar stipulations are required
in the statements of some of the earlier problems.

We can dispense with the need for such stipulations by proceeding as
in the case of projective transformations (see NML 24, p. 37 f.), namely
by introducing a fictitious “point at infinity” which is mapped under an
inversion in a circle ¥ on its center O and which is the image of O
under this inversion.'? [Note that by making appropriate conventions we
can extend property D of inversion, stated in the sequel (see Section 4, p.
63), to the case when one of the points, whether initial or transformed, is
the “point at infinity”—see NML 24, pp. 39 and 40.] One should also keep
in mind that in discussing inversions the term “circle” stands for what we
usually mean by a circle as well as for a line (which can be thought of
as a “circle of infinite radius” or as a “circle passing through the point at
infinity”).

Speaking of problem 6(a). As was just pointed out, we can assume that one,
two, or all three of the point-triples A1, A2, B3; A1, A3, B2; and Ay, A3, By are
collinear; in the latter case we need not require that the three lines intersect in a
point (any three lines intersect in the “point at infinity”).
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FIGURE 38

Introduction of these conventions also does away with the need to make stipu-
lations concerning the disposition of lines in problems 7(a) and 7(b); in addition,
in problem 7, part (b) we can assume that the points chosen on the lines are either
concyclic or collinear. Specifically, if the three lines /1, /5, and /3 intersect in a point
A, then this point must be viewed as their central circle (a “circle of zero radius”);
if two of the three lines /1, [, and I3 are parallel, then the third of these three
lines must be viewed as their central circle (a “circle of infinite radius”); and if all
three lines /1, I, and /3 are parallel, then the point at infinity of the plane must be
viewed as their central circle. If these conventions are adopted, then the theorem
in problem 7(a) holds regardless of whether the n lines under consideration are in
general position or not; the central point of n = 2k lines can be finite or at infinity;
and the central circle of n = 2k + 1 lines can be an ordinary circle, a point (a “circle
of zero radius”; in particular, it can be the “point at infinity” of the plane), or a line
(a “circle of infinite radius”).
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Notes to Section 1

LIf the circles S and S, intersect in two points 4 and B then, obviously, the
angle between the tangents to S; and S at A4 is equal to the angle between
the tangents to S; and S at B (Figure 3a). Similarly, if a line [ and a circle
S intersect in two points A and B, then the tangents to S at A and B form
equal angles with [ (Figure 3b).

2 It is easy to see that if two points A and A’ are symmetric with respect
to a circle S, then any circle passing through A and A’ is perpendicular to
S (this is an analogue of the fact that the center of a circle passing through
two points A and A’ symmetric with respect to a line / is on that line).

3 Basically, this new definition of a reflection in a circle is quite close to
the definition of a reflection in a line adopted in Section 1, Ch. II of NML
8.

4 This definition explains why inversion is sometimes referred to as a
transformation by reciprocal radii. It also justifies the very term “inversion”
(from the Latin “inversio,” transposition).

> Compare this with the definition of a central similarity with negative
similarity coefficient in Section 1, Ch. I of NML 21.

6 Tt is easy to see that if O is in the interior of S, or if the degree of the
inversion is negative (these two things cannot occur simultaneously), then
the similarity coefficient of S and S’ is negative (it is equal to —%), that is,
A’ and A, are on different sides of O.

7 A transformation that preserves angles between curves is said to be
conformal. Hence inversion is a conformal transformation.

8 See Problem 35 in NML 21.

9 Tt is not difficult to see that this proposition is analogous to the fol-
lowing: Extend the two neighboring sides of each side of a (not necessarily
convex) pentagon until they intersect and circumscribe a circle about each
of the five resulting triangles. Then the five points of intersection of neigh-
boring circles lie on a circle, the so-called central circle of the sides of the
pentagon (Figure 23).

10 See Problem 58(a) in NML 21.

1 Tt is not difficult to see that this proposition is equivalent to the follow-
ing: If we take on the sides of an arbitrary quadrilateral four concyclic
points, join each of them to its immediate neighbors, and circumscribe
circles about each of the four resulting triangles, then the four points of
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FIGURE 23

intersection of neighboring circles lie on a circle, the directing circle of the
sides of the quadrilateral (Figure 25).

FIGURE 25

12 The term “point at infinity” is connected with the fact that if a point
M comes arbitrarily close to the center O of a circle ¥, then the point M’,
symmetric to M with respect to X, moves indefinitely far from O.

A plane supplemented by the addition of a fictitious “point at infinity” is
called a conformal, or analagmatic, plane (compare this with the definition
of the projective plane on pp. 41 and 42 in NML 24).



Application of inversions
to the solution of constructions

Problems. Constructions with compass alone

In this section we consider a number of construction problems whose
solution is simplified by the use of inversions. We will rely on the fact that a
figure obtained from a given figure by an inversion with given center O and
power k can always be constructed with ruler and compass. For example,
Figure 39 shows the construction of the point A’ symmetric to a given point
A with respect to a given circle ¥ with center O. In fact, the similarity of
the triangles OAP and OPA’ implies that

OA/OP = OP/OA',
and thus
OA - 04" = OP>.

More specifically, to construct A" when A is outside X we draw tangents
AP and AQ to X from A, and A’ is the point of intersection of the lines
OA and PQ. To construct A’ when A is inside X we draw through A the

p

n

FIGURE 39
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perpendicular to OA and then the tangents to X at the points P and Q
in which that perpendicular meets X. The required point A’ is the point
of intersection of OA and the tangents to X at P and Q (think of having
interchanged the positions of A and A’ in Figure 39).

To construct a circle or line S symmetric to a given circle or line S with
respect to a given circle ¥ with center O it suffices to find three points
M’,N’, and P’ symmetric to any three points M, N, and P of S. An
even simpler approach is to make use of the proofs of properties B;j—B4 of
inversion (see pp. 8-9). If S is a line passing through O, then S’ coincides
with S. If S is a line not passing through O, then a diameter of the circle S’
is the segment OP’, where P’ is symmetric with respect to X to P, the foot
of the perpendicular from O to S (see Figure 10a). If S is a circle passing
through O and OP is a diameter of S, then S’ is the line perpendicular to
OP and passing through the point P’ symmetric to P with respect to X (see
Figure 10b). Finally, if S is a circle not passing through O and A is one of
its points, then S’ is the circle which is centrally similar to S with respect
to the center of similarity O and passes through the point A’ symmetric to
A with respect to X (see Figure 11).!

We note that using ruler and compass it is easy to realize an inversion that
takes a given circle to a line; or two given circles (or a line and a circle) to
two lines or to two concentric circles (see Theorem 2, Section 1). In fact, to
take a given circle S to a line choose a point of S as the center of inversion.
To take two circles (or a line and a circle) S; and S to two lines choose a
common point of these circles as the center of inversion. To take a circle S
and a line / disjoint from S to two concentric circles choose as the center of
inversion the point of intersection of the perpendicular OP, dropped from
the center of S to [, with the circle S with center at P and radius equal to
the tangent from P to S (see Figure 30). To take nonintersecting circles Sy
and S» to two concentric circles choose as the center of inversion a point of
intersection of the line of centers O; O, of the circles S and S, with any
circle S perpendicular to S; and S5. Such an inversion takes S and O; O,
to two lines and the circles S and S5 to circles S7 and S’ perpendicular
to these two lines, that is, circles with common center coincident with the
point of intersection of the lines (see the proof of Theorem 2 in Section 1).
To construct a circle S perpendicular to the circles S; and S, we construct
first a circle S perpendicular to the circle S; and the line S5, the images
of the circles S; and S, under an inversion whose center A is the point of
intersection of O; O and S,; the center P of S is the point of intersection
of 010, and S5 and its radius is equal to the tangent from P to S, (see
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Figure 31a); the required circle S is the image of the circle S under the
inversion that takes S7 and S, to S7 and S, (see Figure 31b). 2

An inversion with negative power is also easy to realize with ruler and
compass. This is so because such an inversion is equivalent to an inversion
with positive power (a reflection in a circle) followed by a reflection in a
point (see p. 6).

17. Given an angle MAN and a point O not on its sides. Draw a line
through O that intersects the sides of the angle in points X and Y such that
the product OX - OY has a given value k.

18. Inscribe in a given parallelogram a parallelogram with given area and
given angle between its diagonals.

19. Given three points A, B, and C draw a line [ through A such that:
(a) the product of the distances from B and C to [ has a given value;
(b) the difference of the squares of the distances from B and C to [ has

a given value.

20. Let S be a given circle. Inscribe in S an n-gon whose sides pass
through n given points (or: some of the sides of the n-gon have given
directions and the remaining sides pass through given points). Consider
separately the case of an even n and an odd n.

Problem 20 appears in another connection in NML 24 (see problem 84, p. 97).

Problems involving the construction of circles

21. Draw acircle

(a) passing through two given points A and B and tangent to a given
circle (or line) S;

(b) passing through a given point A and tangent to two given circles (or
two lines, or a circle and a line) S; and S5.

See also problems 13(a), (b) in NML 21 and problem 36(a). Problems 24(a), (b)
are generalizations of problems 21(a), (b).

22. Draw a circle passing through two given points A and B and
(a) perpendicular to a given circle (or line) S;
(b) intersecting a given circle S in diametrically opposite points.

Problem 24(a) is a generalization of problem 22(a).
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23. Draw a circle passing through a given point A and

(a) perpendicular to two given circles (or two lines, or a line and a
circle) S; and S»;

(b) perpendicular to a given circle (or line) S; and intersecting another
given circle S, in two diametrically opposite points;

(c) intersecting two given circles S; and S, in two diametrically oppo-
site points.

See also problems 37(a)—(c) in Section 3. Problem 24(b) is a generalization of
problem 23(a).

24. Draw acircle

(a) passing through two given points A and B and cutting a given circle
(orline) S at a given angle «;

(b) passing through a given point A and cutting two given circles (or
two lines, or a line and a circle) S; and S, at given angles « and S.

25. Given three circles (or three lines, or two circles and a line, or two
lines and a circle) Sy, S», and S3. Draw a circle perpendicular to S and S,
and

(a) perpendicular to S3;

(b) tangent to S3;

(c) cutting S3 at a given angle o.

See also problems 36(b) and 38(a) in Section 3. Problem 27(a) below is a
generalization of problems 25(a), (b), (c).

26. Given three circles (or three lines, or two circles and a line, or two
lines and a circle) Sy, S», and S3. Draw a circle tangent to S; and S, and
(a) tangent to S3 (the problem of Apollonius);
(b) cutting S3 at a given angle «.
Problem 27(a) below is a generalization of problems 26(a), (b).

The problem of Apollonius is the problem of drawing a circle tangent to
three given circles S1, S», and S3. There are many solutions of this famous
problem some of which are given in this book (see the two solutions of
problem 26(a), the solution of problem 61, and the two solutions of problem
74 in Section 5). Problems in which some (or all) of the circles Sy, S», and
S3 are replaced by points (“circles of zero radius”) or by lines (“circles of
infinite radius”) are viewed by some as limiting versions of the problem of
Apollonius; then “tangency” of a circle and a point means that the circle
passes through the point. This broader viewpoint leads to the following ten
variants of the problem of Apollonius:
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Draw a circle that

passes through three given points;
passes through two given points and is tangent to a given line;
passes through two given points and is tangent to a given circle;

passes through a given point and is tangent to two given lines;

A

passes through a given point and is tangent to a given line and a given
circle;

passes through a given point and is tangent to two given circles;

is tangent to three given lines;

is tangent to two given lines and a given circle;

e

is tangent to a given line and to two given circles;

10. is tangent to three given circles.

Of these ten problems two, namely problems (1) and (7), are included in
the curriculum of elementary schools.? Problems (2) and (4) are involved
in problems 13(a) and (b) in NML 21. Problem (8) is involved in problems
13(c) and 22 in NML 21 and in problem 60 in Section 5; problems (3), (5),
and (6) are involved in problems 21(a) and (b). Finally, problems 9 and 10
(the Apollonius theorem proper) are involved in problem 26(a).

27. Given three circles Sy, S», and S3. Draw a circle S such that

(a) the angles S forms with Sy, S», and S3 have given magnitudes o,
B, and y;

(b) the segments of the common tangents of S and Sy, S and S5, and
S and S3 have given lengths a, b, and c.

See also problems 75(a) and (b) in Section 5.

Using the properties of reflection in a circle it is easy to answer the
question of which of the constructions of elementary geometry can be
carried out using the compass alone. The usual assumption in construction
problems is that one can use both ruler and compass. In some cases we can
dispense with the compass. For relevant examples see problems 3(a),(b);
18(a),(b),(c),(d); and 32(b) in Sections 1 and 2 of NML 24. In Section 5
of NML 24 we showed that all constructions that can be carried out with
ruler and compass can be carried out with ruler alone provided that we are
given a circle with known center in the “drawing plane” (see pp. 100-101
in NML 24, where we give a more accurate formulation of this assertion).



38 Circular Transformations

Even more striking is the result dealing with constructions with compass
alone. It turns out that using just a compass (and no ruler!) one can carry
out all constructions which can be carried out using ruler and compass.*
We prove this in problems 28-32 below. (This result was first proved by
the 17th-century Dutch mathematician George Mohr and reproved—when
Mohr’s work was forgotten—by the 18th-century Italian mathematician
Lorenzo Mascheroni.)

28. Given a segment AB in the plane. Double A B using just a compass
(that is, extend A B beyond B and find on the extension a point C such that
AC = 2AB).

The solution of problem 28 implies that using a compass alone we can
obtain a segment that is n times longer than a given segment AB. In other
words, we can find on the extension of 4B beyond B a point C such that
AC = nAB. For example, to triple A B we first find C’ on the extension of
AB beyond B such that AC’ = 2AB and then C on the extension of BC’
beyond C’ such that BC = 2BC’. Then, clearly, AC = 3AB (Figure 40).

i & TTTTT
FIGURE 40

29. A circle ¥ with known center O and a point A are given in a plane.
Using just a compass find the point A’ symmetric to A with respect to X.

30. Given acircle S in a plane. Find its center using just a compass.

31. Using just a compass, draw a circle passing through three given (non-
collinear) points A, B, and C.

32.(a) Acircle ¥ and a line [ are given in a plane (/ may be given by
just two of its points A and B). Using just a compass, find the circle I’
symmetric to / with respect to X.

(b) Given two circles ¥ and S in a plane. Using just a compass, find
the circle (or line) S’ symmetric to S with respect to 2.

The results of problems 29, 31, and 32(a) and (b) justify the claim
that every construction problem which can be carried out using ruler and
compass can be carried out using compass alone. In fact, suppose that we
can solve a certain construction problem using ruler and compass. Let F' be
the drawing associated with this construction. F' consists of certain circles
and lines. If we invert F in a circle ¥ whose center O is not a point of any
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of the circles or lines of F, then we obtain a new drawing F’ made up of
just circles. We will show that F’ can be constructed with just a compass.

The process of construction of F' involves the successive construction of
certain lines and circles. We transfer the given points of F to F’ (in view
of problem 29 this can be done with compass alone). Then we construct F’
in the same order in which F was constructed. Each line / of F passes
through certain points A and B that are already in F. The circle !’ in
F’, which corresponds to [ in F, passes through points A’ and B’, which
correspond to A and B, and through the center O of X. In the process of
construction of F’ the construction of A’ and B’ precedes the drawing of
I’. This being so, I’ can be constructed with just a compass (see problem
31). Each circle S of F' is constructed using its known center Q and radius
M N > In the process of “sequential” construction of F’, the points O, M’,
and N’, corresponding to the points Q, M, and N, are constructed before
the construction of the circle S’ corresponding to the circle S of F. In view
of the results in problems 29 and 32(b), we can construct the points Q, M,
and N of F, then the circle S, and, finally, the required circle S’ of F' using
a compass alone. In other words, we can construct F’, that is, reconstruct
the figure F’ obtained by a given inversion from the required figure F (each
of F and F’ may consist of just one point). But then, the reconstruction of
F presents no difficulties (see, however, Note 4).

To clarify the general method just described we consider in detail two
examples of its use. Figure 41a shows the familiar construction of the
perpendicular from a point M to a line AB. This construction presupposes
the use of ruler and compass. To obtain the foot P of the perpendicular

S

(a)
FIGURE 41
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FIGURE 41

with compass alone we can proceed as follows. We consider the Figure 41b
symmetric to Figure 41a with respect to the circle ¥ with center O. We
construct the points A’, B’, and M’ symmetric to the points A, B, and M
with respect to X (problem 29). Then we construct circles S; and S, with
centers A and B and radii AM and BM ; to these circles there correspond
circles S{ and S’ which intersect at M’ and N’. (The circles S{ and S
are easy to obtain; see problem 32(b).%) The point P’ in Figure 41b can be
obtained as a point of intersection of the circles A’B’O and M'N'O (see
problem 31), and the required point P as the point symmetric to P’ with
respect to X (problem 29). [It is clear that using a compass alone we can
construct as many points of the perpendicular M P, symmetric to points of
the circle M’ N'O, as we wish. But of course we cannot construct all the
points of the segment M P ]

As our second example we consider the problem of constructing the
circle S inscribed in a given triangle ABC (Figure 42a; the triangle can
be thought of as given by just its vertices). We find the points A’, B’, C’
symmetric to the vertices of the triangle with respect to a circle ¥ with
center O (Figure 42b). We construct the circles A’B’O, A’C' O, and B'C’ O
(problem 31) and the circles S1 and S} corresponding to arbitrary circles Sy
and S, with centers A and B (problem 32(b)). To the points of intersection
of the circle S| with the circles A’B’O and A'C’ O, and of the circle S5, with
the circles A’B’O and B'C’ O, there correspond the points D and E, and F
and G in Figure 42a (problem 29); to the circles o1 and 03, 03 and 04, with
the same radii and centers D and E, F and G, there correspond the circles
oy and 07, 0} and o, in Figure 42b (problem 32(b)). We denote a point of
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intersection of o and o by M’, a point of intersection of ¢} and o, by
N’, and a point of intersection of the circles A’M’O and B’N’O (problem
31) by Q’; the point Q’ is symmetric to the center Q of the circle inscribed
in the triangle ABC. All that remains is to drop from Q the perpendicular
QP to the side AB of the triangle (the problem of constructing the foot P
of this perpendicular using just a compass was considered above) and then
to draw the circle with center Q and radius QP.
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Notes to Section 2

1 One can also use the fact that the endpoints M’ and N’ of the diameter
M'N'’ of the circle S’ passing through O are symmetric with respect to X
to the endpoints M and N of the diameter of S passing through O (see
Figure 12).

2 One can also take for the circle S any circle whose center O is on the
radical axis of the circles S and S, and whose radius is equal to the length
of the tangent from O to S; or S, (see p. 49).

3 It is safe to say that problem 7 is seldom discussed in elementary school.
This being so, it is useful to note that this problem has four solutions if the
three lines form a triangle (the inscribed and the three escribed circles of
that triangle), two solutions if two of the lines are parallel and the third
one intersects them, and one solution if all three lines are either parallel or
concurrent.

4 This statement calls for a refinement analogous to the refinement made
in connection with the discussion of constructions with ruler alone (see pp.
100-101 in NML 24). If we are to construct (part of) a line or rectilinear
figure (say, a triangle), then, clearly, this cannot be done with compass
alone. However, we can obtain as many points of the required lines as
desired, as well as all points of intersection of the required lines and circles
(for example, all vertices of a required triangle).

5> The most common case is the case when the point M coincides with
0.

6 It is simpler to find at once the point N’ symmetric to ¥ with respect to
the point N of intersection of S and S».



Pencils of circles.
The radical axis of two circles

The proof of the important Theorem 2 in Section 1 (p. 22) involved circles
perpendicular to two given circles. Such circles play an important role in an
issue of fundamental significance which we are about to discuss in detail.

The set of all circles (and lines) perpendicular to two given circles S; and
S (or to a circle and a line, or to two lines) is called a pencil of circles.!
Depending on the mutual disposition of S; and S> we distinguish three
types of pencils of circles.

1°. Ifthecircles S; and S5 intersect each other, we can use an inversion
to transform them into two intersecting lines S; and S’ (see Theorem 2
in Section 2); then the pencil of circles perpendicular to S; and S, goes
over to the pencil of circles perpendicular to S} and S;. But if a circle
is perpendicular to a line, then its center must lie on this line; hence all
circles perpendicular to S; and S are concentric with common center at
the point B’ of intersection of S| and S, (Figure 43a). Hence a pencil of

(a)
FIGURE 43
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(b)
FIGURE 43

circles perpendicular to two intersecting circles S1 and S, can be taken
by inversion to a pencil of concentric circles; but then no two of its circles
intersect one another (Figure 43b). The image of that one of the concentric
circles which passes through the center of inversion A is a line of the pencil.
Since the concentric circles include small circles arbitrarily close to B’, it
follows that among the circles of our pencil are small circles arbitrarily
close to B, the point of intersection of S; and S,. This being so, B itself
is included, by convention, in the pencil (and similarly B’, the common
center of the totality of concentric circles, is included in that set). Since the
concentric circles include arbitrarily large ones, it follows that our pencil
includes arbitrarily small circles close to the center of inversion A. This
being so, the point A itself, the second point of intersection of S; and S», is
included, by convention, in the pencil.

20, It is possible to take two tangent circles S; and S, to two parallel
lines S| and S If a circle is to be perpendicular to two parallel lines, it is
necessary that its center should be a point of each of these two lines. Since
this is impossible, it follows that the totality of “circles” perpendicular to
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S1 and S} consists of the lines perpendicular to S| and S} (Figure 44a).
Going back by inversion to S; and S, we conclude that a pencil of circles
perpendicular to two tangent circles S1 and S, can be taken by inversion to
a totality of parallel lines. This pencil consists of circles passing through the
point A of tangency of S and S, (the center of inversion) and tangent at A
to the line [ perpendicular to S and S,; [ also belongs to the pencil (Figure
44b). Sometimes the point A is included, by convention, in the pencil.

3%, Two nonintersecting circles S; and S, can be taken by inversion
to two concentric circles S and S). If circles S and X that intersect at
M are mutually perpendicular (Figure 45), then the tangent to X at M is
perpendicular to the tangent to S at M, and therefore passes through the

FIGURE 45
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center O of §'; analogously, the tangent to S passes through the center O
of X. It follows that the triangle OM O is a right triangle. This implies that
the sum of the squares of the radii of S and X is equal to the square of the
distance between their centers. Hence, obviously, two circles with different
radii and the same center (concentric circles) cannot be perpendicular
to the same circle. Thus the pencil of circles perpendicular to S| and S}
contains no circles; it consists of lines passing through the common center
P’ of S{ and S} (Figure 46a). From all this we can draw the conclusion that
the pencil of circles perpendicular to two nonintersecting circles S1 and
S» can be taken by inversion to the totality of lines intersecting in a single
point; the pencil consists of all circles passing through two fixed points, P
(which corresponds under inversion to P’) and Q (the center of inversion
(see Figure 46b)). The line joining P and Q also belongs to the pencil.

&
5

(a) (b)

FIGURE 46

(Translator’s remark. Bach of the “totalities” in 1°, 29, and 3° is a pencil,
but it is perhaps useful to reserve the term “pencil” for the pencils whose
structure is being determined.)

Figures 43, 44, and 46 enable us to perceive certain common properties
of all three types of pencils. For example, regardless of the type of pencil,
through each point in the plane there passes a circle of the pencil and, in
general, that circle is unique. The exceptions are: the point A of the pencil
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(b)

FIGURE 47

of tangent circles (Figure 44b) and the points P and Q of the pencil of
intersecting circles (Figure 46b). In each of these two cases the number of
circles passing through the relevant points is infinite.

We note also that the circles perpendicular to two circles X; and X,
of a pencil are perpendicular to all circles of that pencil. This is obvious
if ¥; and X, are lines (Figures 47a and 47b) or two concentric circles
(Figure 47¢). From this and from Theorem 2 in Section 1 it follows
that this assertion is true in all cases. This means that we can speak of
mutually perpendicular pencils of circles. It is obvious that a pencil of
circles perpendicular to a pencil of intersecting circles consists of circles
without common points, and conversely (Figure 48a); and that a pencil of
circles perpendicular to a pencil of tangent circles consists of tangent circles
(Figure 48Db).
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(b)

FIGURE 48

For what follows it is essential to note that the centers of the circles of
a pencil lie on a single line r. This is obvious in the case of a pencil of
tangent circles (in that case r passes through A and is perpendicular to /;
see Figure 44b) as well as in the case of intersecting circles (in that case
r is perpendicular to PQ and passes through its midpoint; Figure 46b). In
the case of a pencil of nonintersecting circles (Figure 43b) our assertion
follows from the fact that the pencil can be taken by inversion to a pencil
of concentric circles, and, therefore, all circles of the pencil are centrally
similar with the same center of similarity A (but with different coefficients
of similarity; see the proof of property B4 of inversion on p. 9) to the circles
with the same center B’; this means that their centers lie on the single line
AB’ (coincident with A B, for B’ lies on the line AB).
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FIGURE 49

The latter observation implies an interesting consequence. If a circle ¥
with center M and radius r is perpendicular to a circle S, then the tangent
from M to S has length r (Figure 49). It follows that if a circle with center
M is perpendicular to two circles S; and S», then the tangents from M
to these circles have the same length; conversely, if the tangents M 7 and
M T, from M to Sy and S5 have the same length, then the circle with center
M and radius M T1 = M T, is perpendicular to S and S,. Hence the fact
that the centers of the circles of a pencil lie on a single line implies that the
points from which one can draw tangents of equal length to two circles Sy
and Sy lie on a single line. This line is called the radical axis of S; and S>.

Since the notion of a radical axis is very important, we approach it from
yet another side. In a first course in geometry the length of the tangent from
a point M to acircle S appears in the following theorem:

Theorem la. Let M be a point in the exterior of a circle S. Let A and B
be points of S in which a secant from M cuts S. Then the product MA- M B
depends only on M and S and is independent of the choice of secant; this
product is equal to the square of the tangent from M to S (Figure 50a).
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FIGURE 50
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Theorem la is analogous to the following theorem:

Theorem 1b. Let M be a point in the interior of a circle S. Let A and
B be the endpoints of a chord of S passing through M. Then the product
MA - MB depends only on M and S and is independent of the choice of
chord (Figure 50b).

Theorems la and 1b show that if we draw lines through a point M that
cut acircle S at points A and B, then the product M A - M B depends only
on the choice of point and circle and not on the choice of line. According
to our definition of the signs of segments (see Section 1), this product is
positive if M is in the exterior of S, negative if M is in the interior of §,
and zero if M is on S (Figure 50c). The signed number M A - M B is called
the power of the point M with respect to the circle S.

Let d be the distance from M to the center O of S and r the radius of S.
Consider the secant M Ay B¢ through the center O in Figures 50a and 50b.
In Figure 50a we have: MAy = d —r and MBy = d + r; and in Figure
50b we have: MAyg = r —d and MBy = d + r. Keeping in mind our
sign convention we see that in all cases the power of M with respect to S is
d? —r2.

The points from which we can draw equal tangents to circles S; and S,
have the property that their powers with respect to S; and S, have the same
value. This makes it possible to reformulate the fact that all such points lie
on the same line as follows: All points exterior to given circles S1 and S,
and having the property that their powers with respect to S1 and S, have
the same value lie on the same line. Next we prove that the locus of points
whose powers with respect to two circles S and S» have the same value is
a line.® This line is called the radical axis of S; and Ss.

Let M be a point of the required locus and let d; and d> be its distances
from the centers O and O, of the given circles S; and S, with radii r; and
r» (Figures S1a and 51b). We have the equality

2 2_ 2 2
di —r{ =d5 —r;.

Drop the perpendicular M P from M to the line of centers O O5. Clearly,
d} = MP? 4+ PO?,d} = MP? + PO3. Hence

MP? + PO} —r{ = MP?> + PO; —r3.
It follows that
POl2 - P022 = rl2 - rzz,

or
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(PO + PO,)(PO; — POy) =12 —r2.

Now let r1 > ry. Then PO; > PO,, that is, P is not farther from O,
than from Oj; in other words, if T is the midpoint of the segment O;O5,
then we can say that P is on the same side of T as O, (the center of the
smaller circle). If P lies between O and O, (Figures 51a, 51c, and 5le),
then

PO;+ POy, = 0,0,
PO, — PO, =(PT+T0O,)—(TO,—PT)=2PT,;

if P lies outside the segment O O, (Figures 51b, 51d, and 51f), then

POy — PO, = 010,
PO, + POy, = (PT +TOy) + (PT —TO,) =2PT.
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Thus in all cases P012 — PO% = 20,0, - TP, and, ultimately, 20; O, -
TP = rl2 — r22.

We conclude that P does not depend on the choice of the point M of the
required locus, which means that the latter is a line perpendicular to the line
01 O, determined by the centers O; and O;.

It is clear that if the circles S7 and S, have no points in common, then
their radical axis intersects neither of them (Figures 51a and 51b); if S; and
S have two points in common, then their radical axis passes through these
points (which have power zero with respect to S; and S> (see Figures 51c
and 51d)); if S; and S, are tangent to one another, then their radical axis
passes through their point of tangency (see Figures 51e and 51f).

Using the formula

22
TP = L 2
20,0,

we can easily establish the following. If the circles S; and S, are exterior to



Pencils of circles. The radical axis of two circles 53

S
S

FIGURE 52

each other, then their radical axis passes between them (Figure 51a). If S,
is in the interior of S1, then their radical axis is outside S; and S» (Figure
51b). If S and S, are congruent (r; = r3), then their radical axis coincides
with their axis of symmetry. If S; and S5 are concentric circles (010, = 0)
then they have no radical axis.*

Let S1, S», and S3 be three given circles. If their centers are not collinear,
then the radical axes of the three pairs of these circles (perpendicular to the
lines joining their centers) are not parallel. If Z is the point of intersection
of the radical axes of the pairs S1, S» and Sy, S3, then the power of Z with
respect to the pair Sy, S» is the same as its power with respect to the pair
S1, S3. But then this is also the power of Z with respect to the pair S5, S3,
that is, Z lies on the radical axis of the pair S, S3. In other words, the
radical axes of the three pairs of circles obtained from three circles S1, S»,
and S3 whose centers are not collinear meet in a point (Figure 52). This
point is called the radical center of the three circles.

This discussion implies a simple method for the construction of the radi-
cal axis r of two nonintersecting circles (the radical axis of two intersecting
circles coincides with the line determined by their common chord). We
construct an auxiliary circle S intersecting S; and S, (Figure 53). The
radical axes of the pairs S, S and S, S are lines determined by their
common chords. Hence the point M of intersection of the lines determined
by these common chords lies on r. One way of obtaining r is to drop a
perpendicular from M to the line of centers of Sy, S, and S>. Another way
is to introduce a second auxiliary circle S’ and to obtain in this way another
point M’ of r.

We note that in the preceding discussion we could have assumed that
some (or all) of the circles under consideration had zero radius, that is, that
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FIGURE 53

they were points. In particular, the power of a point M with respect to a
point S is the square of the distance M S, the radical axis of two points is
their axis of symmetry, and the radical center of three points is the center of
the circle passing through these points.

We note the following proposition, analogous to the theorem on the centers of
circles perpendicular to two given circles (see p. 49): the locus of the centers of
circles intersecting two given circles Sy and Sy in diametrically opposite points is
the line s perpendicular to the line of centers of S1 and S» (and thus parallel to
their radical axis). In fact, if a circle X intersects a circle S in diametrically opposite
points A and B and their line of centers O O intersects X in points K and L (Figure
54a), then the right triangle K AL yields the equality

KO- OL = 042,

(a)
FIGURE 54
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or, denoting the radii O1 K = O;L and OA by R and r and the distance OO
between their centers by d, the equality

(R—d)(R+d)=r> R?>=d?*+r%

Hence if M is the center of the circle X that intersects the diameters of circles S
and S» with centers O and O and radii r and rp (Figure 54b), then

2 2 2 2 2 2 2 2.
di +ri=d5+ry, dy—di =r{—r5;

here di = MOq and dy = MO;. It follows that if r{ > rp, then di < dp. Also,
transforming the second of the displayed equalities, we obtain the equality

20102-TQ =r} —r3,

where Q is the foot of the perpendicular from M to O; O, and T is the midpoint of
the segment O O3 (see pp. 50-52). It follows that the required locus of points M
is the line s symmetric to the radical axis r of the circles S and S» with respect to
the midpoint 7 of the segment O O5.

We will now find the locus of circles ¥ such that two given circles S and S»
intersect ¥ in diametrically opposite points (Figure 55). It is clear that the center of
3 must lie in the interior of both S and S (see Figure 54a). Hence such circles
exist only if S; and S intersect one another. Further, let r1, 2, and R be the radii
of S1, S», and X, and let dq and d, be the distances from M to the centers of Sy
and S». Since S7 and S» intersect X at diametrically opposite points, it follows that

12 =R?>+d? and r}=R>+d3
whence
R2=r12—d12=r22—d22; d12—r12 =d22—r22,
But this equality shows that the powers of M with respect to S1 and S5 are equal.
This means that M is a point on the radical axis of S; and S». Consequently, the
locus of centers of circles ¥ such that S1 and Sy intersect ¥ in diametrically

opposite points is the segment of the radical axis r of S1 and Sy in the interior
of S1 and S», that is, a common chord of S1 and Sy (the part of the radical axis in
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the exterior of S7 and S5 is the locus of centers of circles X such that S1 and S5 cut
¥ at aright angle).

We consider once more two mutually perpendicular pencils of circles
(see Figures 48a and 48b). We noted that the radical axis of any two circles
S1 and S, of one of these pencils is the line of centers of the pencil
perpendicular to it (see p. 49), which implies that any two circles of the
pencil have the same radical axis. Conversely, the totality of circles with
the same radical axis is a pencil of circles (perpendicular to the pencil of
circles perpendicular to any two circles S; and S, from this set).

Sometimes one defines a pencil of circles as the totality of circles any two
of which have the same radical axis.> But this definition is less appropriate
than the one we gave earlier, for it does not include totalities of concentric
circles (Figure 43a), of parallel lines (Figure 44a), and of lines intersecting
in a fixed point (Figure 46a).

The analogue of a pencil of circles—a totality of circles any two of which have
the same radical axis—is a bundle of circles—a totality of circles any three of which
have the same radical center Z. [By convention we apply the term “bundle” to a
totality of lines in the plane.] We distinguish three kinds of bundles, depending on
whether Z is in the exterior of the circles of the bundle, on these circles, or in
their interior.” A bundle of the second kind consists of all circles passing through
a fixed point Z. It can be shown that a bundle of the first or third kind consists of
a totality of circles that go over to themselves under a definite fixed inversion /
(of positive power for a bundle of the first kind and of negative power for a bundle
of the third kind). A bundle of the first kind can also be defined as a totality of
circles (and lines) perpendicular to some circle ¥, and a bundle of the third kind
can also be defined as a totality of circles (and lines) that intersect a circle X in two
diametrically opposite points. For proofs of these assertions see problems 273-291
in the “Collection of Geometric Problems” by B. N. Delone and O. K. Zhitomirskif,
Gostekhizdat, Moscow-Leningrad, 1950. (Russian)
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33. Show that the common chords of three pairwise intersecting circles
meet in a point (Figure 56) or are parallel.

FIGURE 56

34. Show that the common chord of two intersecting circles halves the
segment of their common outer tangent whose endpoints are the points of
tangency.

35. Let S be a given circle and M a given point in its exterior. Let 3 be a
variable circle through M intersecting S in points A and B. Find the locus
of points of intersection of the line A B and the tangent to ¥ at M.

36. Construct a circle

(a) passing through two given points A and B and tangent to a given
circle (orline) S;

(b) perpendicular to two given circles S; and S, and tangent to a given
circle (or line) S.

See also problem 13(b) in NML 21 and problems 21(a), (b) in this book.

37. Construct a circle passing through a given point M and

(a) perpendicular to two given circles S; and S3;

(b) perpendicular to a given circle S; and intersecting a second given
circle S, in diametrically opposite points;

(c) intersecting two given circles S and S5 in diametrically opposite
points.

See also problems 23(a), (b), and (c) in this book.
38. Given three circles Sy, S», and S5 construct a circle S

(a) perpendicular to Si, S», and S3;
(b) intersecting S1, S», and S3 in diametrically opposite points;
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(c) such that S1, S», and S5 intersect S in diametrically opposite points.

See also problem 25(a) in this book.

39. Given two circles S and S». Find the locus of points M such that
(a) the difference of the squares of the lengths of the tangents from M
to S1 and S has a given value a;
(b) the ratio of the lengths of the tangents from M to S and S, has a
given value k.

See also problem 64 in NML 21 and problem 49 in this book.

In problems 39(a) and (b) we can replace one of the two circles S and S»,
or both of them, by points (“circles with zero radius”); here, by the length of
the tangent from M to S we mean the distance between these points. Thus
these problems are generalizations of the following simpler problems:

(a) find the locus of points such that the difference of the squares of the
distances from these points to two given points is constant;

(b) find the locus of points such that the ratio of the distances from
these points to two given points is constant.

40. Given two circles S; and S» and a line / that intersects S; in points
A and B; and S5 in points A, and B,. Show that

(a) if [ passes through the center of similarity of S; and S5, then the
tangents to S at A; and B; intersect the tangents to S» at A, and B» in two
points on the radical axis of S; and S, (Figure 57a);

FIGURE 57

(b) if/ does not pass through the center of similarity of S; and S5, then
the tangents to S; at A, and B; intersect the tangents to S, at A, and B in
four concyclic points (Figure 57b).
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41. The theorem of Poncelet. Prove that if there is an n-gon inscribed in
a given circle S and circumscribed about another given circle s, then there
are infinitely many such n-gons; we can take any point on the larger circle
S as a vertex of any such n-gon (Figure 58).

FIGURE 58

See also problems 8(a) and 9(b) in this book.

Notes to Section 3

! Strictly speaking, one should use the term “pencil of circles and lines.”
However, “lines” is usually omitted for brevity.

2 In the literature, the pencil of circles in 1° (the pencil of nonintersecting
circles) is called hyperbolic, the pencil of circles in 2° (the pencil of tangent
circles) is called parabolic, and the pencil of circles in 3° (the pencil of
intersecting circles) is called elliptic.

59
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3If S, and S, have no common points, then all points whose powers with
respect to S and S» have the same value are exterior to S and S»; hence,
in that case, our assertion can be viewed as proved.

4 This is also a consequence of the fact that there are no circles perpen-
dicular to each of two concentric circles (see 3° on p. 45).

One sometimes says that the radical axis of two concentric circles is “at
infinity.” Here we are guided by the same notions that made us introduce
elements at infinity on p. 29.

STt is interesting to note that, with this definition of the term pencil,
points which we often included by convention in pencils of type 1° and 2°
are included quite naturally in these pencils; this is so because we can speak
of the radical axis of a point and a circle as well as of the radical axis of two
points. But now lines must be added to the circles of a pencil by convention
(with the proviso that the radical axis of any two circles of the pencil also
belongs to the pencil).

6 An important distinction of the first definition of a pencil of circles is
that it implies directly that inversion takes a pencil of circles to a pencil of
circles; in this context the second definition is less appropriate.

7 A bundle of the first kind is called hyperbolic; of the second kind—
parabolic; and of the third kind—elliptic.
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In Section 1 we saw that the angle between two lines (or between a line and
a circle, or between two circles) is unchanged by an inversion (see property
C of inversion, p. 11). We will now show what effect an inversion has on the
distance between two points. Let 4 and B be two points in the plane and
let A" and B’ be their images under the inversion with center O (different
from A and B) and power k, which we take as positive for the sake of
simplicity (Figure 59). The triangles OAB and OB’ A’ are similar because
LAOB = £A'OB’ and 94 = 95 (for OA- 0A' = OB - OB’ = k). It
follows that

AB 0OA OB’
B = 0B whence A’B' = AB - o4
Replacing OB’ by ok_B we obtain the required formula
k
AB =AB————. (*)
OA- OB

If k is negative, then we need only replace k in (x) by |k|.

42.(a) Letd,d»,ds,...,d, bethe distances from a point M on the arc
A1 A, of the circle circumscribed about a regular n-gon A1 A2 A3 ... A, to

0 5 B
FIGURE 59
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the vertices A1, Az, A3, ..., A, of that n-gon. Show that
1 N 1 4 1 R 1 . 1
didy  dads = dzdy dn_1dy,  didy’
[In particular, for n = 3 we obtain
1 1 1
+ = k]
didy,  dads dids

whence

ds +dy = ds.

In other words, the sum of the distances from a point on the circle cir-
cumscribed about an equilateral triangle to the two nearest vertices of that
triangle is always equal to its distance from the third vertex.]

(b) Show that if n is odd then, using the notations in problem (a), we
have the equality

di+ds+ds+--+dy=datds+-+dn.

[In particular, for n = 3 we obtain the same proposition as in problem

(a).]

43. (a) Let p1, p2, p3,..., Pan—1, Pn be the distances from a point M
on a circle S to the sides A1 A, A2 A3, ..., Aosn—1A42n, A2n A1 of a2n-gon
A1A2Az ... Ay, inscribed in S. Show that

P1p3ps-:P2n—1 = P2PapPe " P2n-

(b) Let pi1, p2, p3,..., pn be the distances from a point M on a
circle S to the sides of an n-gon A;AAj3...A, inscribed in S. Let
Py, Py, P3,..., P, be the distances from M to the sides of the circum-
scribed n-gon formed by the tangents to S at the points Ay, A,, A3, ..., As.
Show that

DP1p2p3-pn = P1PyP3--- Py

44. Let ay,as,...,an—1,a0 be the lengths of the sides A1 A,, A A3,
AzAg, ..., Ay Ay of an n-gon A1AAs ... A, inscribed in a circle S and
let p1, p2,..., Pn—1, po be the distances from a point M on the arc A1 A,
to the corresponding sides. Show that

4o _ 41 a2 et dn-1
Po P1 p2 Pn—1 '
[In particular, if the #-gon is regular, then - = L + L 4 ... 4 1 ]

po p1 P2 Pn—1"
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45. Let Ao, A1, Az, ..., Ay be n + 1 points on a circle ¥ of radius R.
(a) Show that if n is even, then one can always construct circles
So0, 51, 52,..., S, tangent to ¥ at Ay, A1, A2, ..., An, and such that S;

is tangent to Sp and S5, 5> is tangent to S and S3, ..., and Sy is tangent
to S, and S (Figure 60). Express the radius of Sp in terms of R and the
distances between the points Ay, A1, A2, ..., Ax.

FIGURE 60

(b) Show that if n is odd and there exist circles Sg, S1,S2,...,Sn

tangent to X at points Ag, A1, Az, ..., Ap, and such that S; is tangent to
So and S5, S5 is tangent to S and S3, ..., and Sy is tangent to S, and S,
then

ApAy - A2 A3 - AgAs - Ay—1A4n = A1A2 - A3Ay -+ Ap—2An—1 - AnAo.

The expression for the distance between the points A’, B’ obtained by
an inversion from points A, B implies an interesting conclusion. Call the
positive number

AC AD

BC " BD
the cross ratio of four points A, B, C, D in the plane (compare this with the
definition of the cross ratio of four collinear points given on p. 35 of NML
24). We show that an inversion has the following property:

D. An inversion preserves the cross ratio of four points in the plane.
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Let A, B’, C’, D' be the images of A, B, C, D under an inversion. Using

the formula () we obtain

k k
AC' =AC- ———, B'C'=BC-——,
0OA-0C OB-0C
A’D’:AD-L, B’D’:BD.L.
OA - OD OB - OD
Hence
AC’  AC OB A'D' AD OB
B'C’  BC O0A’ B'D’  BD OA’
whence

A'C" A'D"  AC AD

B'C’ B'D' BC BD’
which was to be proved (compare this with the derivation of property C of
a central projection; see p. 35 in NML 24).

We note that we cannot speak of property D of an inversion if one of
the four points coincides with the center of inversion (the reason for this is
that none of the points in the plane is the inversive image of the center of
inversion; see p. 29).

46. Find the locus of points such that the ratio of their distances from two
given points is constant.

47. Prove Ptolemy’s theorem: if a quadrilateral can be inscribed in a circle,
then the sum of the products of its opposite sides is equal to the product of
its diagonals.

See also problem 58 below as well as problem 62(c) in NML 21 1

48. Use property D of inversion to solve problem 20 in Section 2.

We will now prove a property of inversion which can be viewed as a gen-
eralization of property D. Define the cross ratio of four circles S, Sz, S3, Sa
as the ratio

hs . ha

sty
with 7,3 defined as the length of the segment of a common tangent of S
and S3 whose endpoints are the points of tangency, and with analogous def-
initions of #,3, t14, and #,4.2 Here some (or all) of the circles Sy, Sa, S3, Sa
can be points (“circles of zero radius™). If, say, S; and S5 are points, then
t13 is the distance 753 between them; if S; is a point and S3 is a circle,
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then #;3 is the length of the tangent from the point S to the circle S3. The
following property of inversion holds:

D. An inversion preserves the cross ratio of four circles provided that
its center is either in the exterior or in the interior of all of them.3

[If in the cross ratio of the initial circles there enters, say, the common
outer tangent of S and S3, then in the cross ratio of the transformed circles
there must also enter the common outer tangent of the transformed circles
S and S%, and so on.*]

Property D remains valid if some (or all) of the circles are replaced by
points (“circles of zero radius”). In particular, if all circles are replaced by
points, then D reduces to D (and so property D can be viewed as a special
case of property D).

We begin the proof by determining the effect of an inversion on the length
of the segment between the points of tangency of a common tangent to two
circles. Let S1 and S» be two circles (neither of which passes through the
center of inversion) and let S| and S} be their images under the inversion
(Figure 61). Let O be the center of the inversion and k its power. Let O; and
O, be the centers of S and S and let their radii be ry and r,. Let O and
O), be the centers of S| and S} and let their radii be 7| and r,. We assume
that the center of inversion O lies outside S; and S5 or inside S and S>.

FIGURE 61
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(b)

FIGURE 62

Let #1, be the length of the segment between the points of tangency of the
common tangent to S and S. Let ¢{, be the length of the segment between
the points of tangency of the common tangent to S and S). Figures 62a
and 62b imply that

15, = 0105 — (r1 F r2)*,

where the minus sign in F corresponds to the case of a common outer
tangent (Figure 62a) and the plus sign to the case of a common inner tangent
(Figure 62b).

But

0,02 =007+ 003 —-200;-00, cos £0100;.
Hence
t5, =007 + 003 2001 -00; cos L0100, —ri —r3 £2r172,
or, after minor changes,
t122 = (0012 — r12) + (0022 — r22) —2001-003 cos L0100, £2r1r3.
In much the same way we obtain

12 =(002=r2)+(002-r2)—200,-00) cos £0,00, +2r,r}.
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As we saw when proving property By4 of inversion (p. 9), S7 is centrally
similar to S; with center of similarity O. The coefficient of similarity is
k/ k1, where kq is the product of the distances from O to the two points of
intersection of S; with any secant through O. k; is called the power of O
with respect to S (see the definition on p. 50). Passing a secant through the
center O of §; we find that

ky =007 —ri.

, k\? , k\?
007 = (i) oot =(j;)

, k\? , k\?
00, = (E) 005, = (E) r3,

where k, = 00% — r22, the power of O with respect to S».

Now we substitute in the formula for ti% the expressions for 001, 00,
r1, and 75 and use the fact that O] and O} lie on the lines OO} and 00>,
that is,

Thus

and, similarly,

40,00, = £0,00,

(see Figure 61).°
In this way we obtain:

2 k2 2 2 k2 2 2
5= 2007 =) + 5(003 = 13)
1 2

k k k k
—2—-—-00;-00 0100y £2— - —
ki ks 1 2 COS 1 2 ki kzrlrz
k? k? k k
=—-k —-ky—2—-—-00,-00 /0,00
kf 1+k§ 2 T 1 » COS 1 >
k k
ﬂ:zE'Erer

ki ko ki k»
2

= kika

k k
001-00;3 c0s L0100, £2— - —r11
ki ko

(kl +ky—2001-00, cos L0100, = 27‘17‘2).
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Since

ki+ky—2001-005 cos L0100 £+ 2r 113
= (003 —r})+ (00} —r}) —200;1 - 00, cos L0100, £ 2r173
42
=13,

we obtain
t1, = ——k——q

12 /—kl s 12.

Note that if we replace one of the circles S and S by a point (if, say, we
put 1 = 0), or even if we replace both of these circles by points (that is, if
we put r; = r, = 0), the argument leading to formula () remains valid;
then by the power of O with respect to the point S; we mean the square
of the distance OS; (k1 = OO0? — r?, where O; coincides with S; and
r1 = 0). It follows that (xx*) is valid when one, or both, of the circles S;
and S, are replaced by points. In particular, if S; and S, are points, then
(%) is reduced to (x) (see p. 61). Hence (*) can be viewed as a special
case of (k).

‘We note that since

(%)

I k / k
rl_arl, rzzgrz,
it follows that
riry = —k2 rir2, —k2 = r’r"
kiko kika  rirm

Consequently, we can rewrite the expression for 1, in the form

! .7
A L)
tlz— — 12,

rira

1o Tl
The latter equality justifies the claim that the expression j;lz—rz (the length
of the segment between the points of tangency of a common tangent to two
circles divided by the geometric mean of the radii of the circles) is invariant
under an inversion whose center is outside or inside both circles.
Now consider four circles Sy, Sz, S3, and S4 (some of which may be
points). Under an inversion they go over to four circles (or points) S7, S,

or in the form
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S5, and Sj. According to (*x), we have:
k

t, = ———113,
13 ’—k1k3 13
k t
—F— 114,
Vkika
k

——— 13,
ok 23

/
g
t/

23

k
t) ——— toa,
24 /—kz ks 24

whence
3 fa _ 03 e
tyy 123 124
which is what we wished to prove (compare this proof with the proof of
property D of an inversion).

49. Find the locus of points M such that the ratio of the lengths of the
tangents from M to two given circles is constant.

See also problem 64 in NML 21 and problem 39(b) in Section 3 of this book. If
S1 and Sy are “circles of zero radius,” that is, points, then our problem reduces to
problem 46.

50. Prove the following generalization of Ptolemy’s theorem: if four cir-
cles S1, 52, S3, and Sy are tangent to the same fifth circle (or line) X (Figure
63), then we have the relation

t12134 + t14123 = 113124,

FIGURE 63
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where 71, is the length of the common tangent to S and S, and #;3, t14,
123, 14, and 134 have analogous meanings.

[We are assuming that the points My, M,, M3, M4 at which the circles
S1, 82, S3, S4 touch the circle X are located on X in the order My, M,, M3,
M 4. We are also assuming that, say, 71, is the segment of the outer tangent
to S and S, if both of these circles are in the exterior or the interior of X
and of the inner tangent otherwise; if X is a line, then ¢y, is the segment of
the outer tangent to S; and S» if both of these circles are in the exterior or
the interior of ¥ and of the inner tangent otherwise.]

The theorem in problem 50 remains valid if some, or all, of the circles S,
S», S3, S4 are replaced by points (“circles of zero radius”). If all of these
circles are replaced by points, then we end up with Ptolemy’s theorem (see
problem 47).

51. Show that if four circles Sy, S», S3, S4 pass through the same point
of X, then the lengths of the common tangents to these circles satisfy the
relation stated in problem 50.

If a point is viewed as a special case of a circle (““a circle of zero radius”),
then the theorem in problem 51 should be viewed as a special case of
the theorem in problem 50. Note, however, that while in the statement of
problem 50 we “lumped together” the case when X is a circle and the case
when it is a line (“a circle of infinite radius”), the proposition in problem
51 requires a separate proof. This is due to the fact that in the theory of
inversion circles and lines have the same status (either can go over to the
other under an inversion), whereas points and circles do not. That is why
when we are dealing with problems involving inversion it is often possible
toreplace a circle by a line (that is, view a line as a special case of a circle) or
a line by a circle without affecting the solution of the problem. But in cases
in which a point takes the place of a circle in the statement of a problem a
separate proof is required.®

We note that the converse of the propositions in problems 50 and 51
holds. Specifically, if the lengths of the segments of common tangents to
four circles satisfy the relation in problem 50, then these four circles are
tangent to a fifth circle, or to a line, or pass through a single point (see
problem 62(b) in Section 5 of this book).

52. Prove that if four pairwise intersecting circles Sy, S», S3, S4 are
tangent to a circle ¥ or pass through the same one of its points, then the
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angles between them satisfy the relation

sin %12 sin ¥34 + sin Y14 sin *23 _ sin X1 sin @24
2 2 2 2 2 2’

where, say, a1» is the angle between the circles S; and S, (more precisely,
the angle between their radii drawn to a point of their intersection).

[Here it is assumed that the points of tangency between the circles S,
S2, S3, S4 and the circle or line ¥ are located on ¥ in the order specified
in problem 50; if ¥ is a point, then the radii 01X, 0,%, 03X, O4% are
located around X in the order 01, X0,, 03, X04.]

When we used affine transformations in geometric problems involving
proofs in Sections 1-3 of NML 24 the aim—for the most part—was to
choose an affine transformation that would simplify the figure involved. On
the other hand, when we used polar transformations of the plane in problems
in Section 4 of NML 24 the aim was different: there the transformed figure
of an established theorem yielded a new theorem that required no proof—its
validity was implied by the validity of the initial theorem. To restate this
somewhat differently we can say that the main advantage of using polar
transformations was to obtain from established theorems completely new
theorems.

In this book, in problems 1-16 in Section 1 and in problems 42-52 in

this section, inversions were used to simplify the figures associated with the
relevant problems, and thus in a manner analogous to the manner in which
affine transformations were used in Sections 1-3 of NML 24. But it is clear
that inversions can also be used to obtain new theorems from established
ones. After all, inversions can change figures rather radically (they can take
lines to circles), which means that the new theorem obtained in this way
can differ significantly from the original theorem. Problems 53-59 below
exemplify such use of inversions.”
53.(a) We know that the bisectors of the angles formed by two intersect-
ing lines are the loci of the centers of the circles that are simultaneously
tangent to these two lines. If we invert the figure associated with this
theorem, then we obtain a theorem associated with the inverted figure. State
this theorem.

(b) The loci of the centers of the circles that intersect two intersecting
lines /1 and [/, are also the bisectors of the angles formed by /; and /.
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State the theorem associated with the figure obtained by inverting the figure
associated with the original theorem.

(c) Construct a circle that cuts four given pairwise intersecting circles
at the same angle.

54. State the theorem obtained by applying an inversion to the theorem
which states that the sum of the angles of a triangle equals 180°.

55. What theorem does one obtain by applying an inversion to the theo-
rem:

(a) The altitudes of a triangle are concurrent.

(b) The angle bisectors of a triangle are concurrent.

56. Into what theorem does the theorem on the Simson line (problem 61
in NML 21) go over under an inversion wih center at P?

57. Into what theorem does the following theorem go over under an
inversion: A circle is the locus of points equidistant from a point (definition
of a circle).

58. (a) Into what theorem does the following theorem go over under an
inversion: Each side of a triangle is less than the sum of its two other sides.

(b) Prove the converse of Ptolemy’s theorem (problem 47): If the sum
of the products of the opposite sides of a quadrilateral is equal to the product
of its diagonals, then we can circumscribe a circle about it.

59. Into what theorems do the following theorems go over under an
inversion:

(a) the theorem of Pythagoras;

(b) the law of cosines;

(¢) the law of sines.

Property B of inversion asserts that this transformation takes circles to
circles (here the term ‘“circle” includes lines, viewed as “circles of infi-
nite radius”). All transformations with these properties are called circular
transformations. The simplest examples of circular transformations are
isometries and similarities. Isometries and similarities take lines to lines,
and thus are circular transformations as well as affinities (see p. 18 in
NML 24). Inversions are also circular transformations, but they are more
complicated than either isometries or similarities (of course, inversions are
not affinities).
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One can show that a transformation that is both affine and circular is
a similarity, and that a circular transformation that is not an affinity can
be reduced to an inversion. More precisely, the following two remarkable
theorems hold:

Theorem 1. Every circular transformation of the plane which is also an
affinity is a similarity.

Theorem 2. Every circular transformation of the plane which is not a
similarity can be realized by an inversion followed by a similarity.

Theorem 2 implies that we can define a circular transformation as an
inversion possibly followed by a similarity (in this connection see pp. 68—70
in NML 8). In particular, it implies that circular transformations have the
properties A, B, C, D of inversions (see pp. 6—11 and p. 63), for, obviously,
similarities also have these properties. Finally, Theorem 2 enables us to
describe the nature of a product of two (or more) inversions: such a product
is an inversion followed by a similarity. This is so because such a product is
a circular transformation of the plane.

Proof of Theorem 1. We know that every affinity of the plane is a parallel
projection of the plane to itself followed, possibly, by a similarity (see Theorem
2 on p. 18 of NML 24). Thus all we need to clarify is when a parallel projection of
the plane to itself (defined on p. 18 of NML 24) takes circles to circles.

It is obvious that under a parallel projection of a plane 7 to a parallel plane 7’ a
circle in 7w goes over to a circle in 7’; in fact, such a projection is just a translation of
7 in space in the direction of the projection to its coincidence with 5’ (Figure 64a).8
On the other hand, if  is not parallel to 7/, then a parallel projection cannot take a
circle to a circle. In fact, under such a projection, the diameter of the circle parallel

S!

(a)
FIGURE 64
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7 rd

(b)
FIGURE 64

to the line of intersection of 7 and 7’ goes over to a segment of the same length,
whereas the other diameters go over to segments of different lengths. This means
that the curve which is the image of the circle is not a circle (Figure 64b). Thus if a
parallel projection of a plane to itself is to take circles to circles, it is necessary that
its new position, from which the parallel projection to the initial position is carried
out, be parallel to that initial position. Since in that case parallel projection can be
replaced by a translation in space, it follows that such a parallel projection of a plane
to itself is equivalent to an isometry. This fact, and Theorem 2 on p. 18 in NML 24,
imply Theorem 1.

Proof of Theorem 2. (This proof is much more difficult than the proof of
Theorem 1.) What plays a key role in this proof is the stereographic projection
of a sphere to a plane (see p. 55 in NML 24); more specifically, the fact that a
stereographic projection maps a circle (throughout this section the term “circle”
includes lines) in the plane to a circle on the sphere (see Theorem 2 and its proof on
pp. 55-57 in NML 24).

Let K be a transformation of the plane 7. We use the stereographic projection
to map & on the sphere 0. Then to the transformation K of 7 there corresponds a
transformation K of o. For example, to a rotation of 7 about the point A at which
the sphere o touches 7 there corresponds a rotation of o about its diameter through
A (Figure 65a), and to a translation of 7 in a direction a there corresponds the
transformation of o in which each point of the sphere moves on a circle passing
through the center of projection and located in a plane parallel to the direction a
(Figure 65b). The fundamental property of a stereographic projection implies that if
a transformation K of the plane is circular, then so too is the transformation K of
the sphere. Conversely, if a transformation K of the sphere is circular, then so too is
the transformation K of the plane.

Now let K be a circular transformation of the plane 7 and K the corresponding
transformation of the sphere . If K fixes the center of projection O then K is a
similarity.

In fact, we saw in Section 3 of NML 24 that a stereographic projection takes the
lines in 7 to circles of o passing through O (see Figure 53 on p. 55 of NML 24).
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(b)
FIGURE 65

Clearly, the transformation K of o that fixes O takes each circle through O to a
circle through O. This implies that the transformation K of r takes every line in &
to a line in 7, that is, K is both circular and affine. But this is possible only if K is
a similarity (see Theorem 1).

Assume that a circular transformation K of o does not fix O. Let O be the image
of O under K and let § be the diametric plane of ¢ perpendicular to the segment
00; (Figure 66). Let I be the reflection of o in & (that is, I is the transformation
of ¢ that takes a point M to the point M’ symmetric to M with respect to §). I
is a circular transformation of the sphere that also takes O; to O. Let Kl be a
transformation of the sphere such that K is the product of Tand K| (thatis, K is the
result of the successive application of Tand KI ).9 It is not difficult to see that Kl is
also a circular transformation of the sphere: if I takes a circle S to a circle S and
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FIGURE 66

K takes S to S’, then K; takes S to S’. Also, K; fixes O (for both K and I take
01 to O).

Since K can be written as the product Klﬁ, it follows that KK can be written as
the product K11, where I corresponds to T and Ki to Kl under the stereographic
projection. Since K fixes 0, K is a similarity (see above). We will now prove that
[is an inversion. This will complete the proof of Theorem 2.

Let S be a circle on the sphere perpendicular to the circle ¥ (Figure 67). This
means that the plane of S is perpendicular to the plane 8. Let S be the circle (or
line) that is the image of S under the stereographic projection. Clearly, the reflection
T takes S to itself. Hence I takes S to itself. We will show that S is perpendicular to
3.

Let B T and B T be tangent to 3 and S at their point of intersection B; B T L
BT. The central projection with center O maps the lines BT and B 77 on the
tangents BT and BT to the circles ¥ and S at their point of intersection B. Let
P and Q denote the points of intersection of B T and B T; with the plane 7, and
let Q1 denote the point of intersection of B T7 with the plane q parallel to 7 and
passing through O (the plane 7r; does not appear in Figure 67). Since the triangles
‘BOQ1 and BBQ are similar (for Q10 || OB as the lines of intersection of the
plane EQB with the two parallel planes 71 and &) and Q 1B = 010 (they are two

FIGURE 67
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tangents to the sphere o issuing from Q1), it follows that 0B = Q B; we show in
an analogous way that PB = P B. Now the congruence of the triangles PBQ and
P'BQ implies that!'0

ZPBQ = ZPBQ = 90°,
that is, that the circles S and X are perpendicular to one another.

We see that I fixes all points of the circle ¥ and that it takes every circle S
perpendicular to I to itself.!! Hence I takes all circles perpendicular to ¥ and
passing through the fixed point A to themselves. Keeping in mind that [ interchanges
the exterior and interior of 3, we are bound to conclude that I takes A to the point
A’ symmetric to A with respect to ¥, that is, that T is a reflection in X.

We note that the presence in the plane of a singular point with no image
in the plane under reflection in a circle does not, strictly speaking, allow us
to regard an inversion as a transformation of the plane in the usual sense
of that term (a transformation is usually thought of as a one-to-one onto
mapping). This being so, our formulation of the fundamental Theorem 2
is not quite accurate. It is easy to see that a transformation of the plane,
as usually defined, cannot take a circle, a closed curve, to a line, which is
not a closed curve. Hence all transformations of the plane—in the usual
sense of the term—which take circles and lines to circles and lines, and
are therefore circular transformations (see Theorem 1), must take lines to
lines and circles to circles, that is, must be similarities. The transformation
we called circular can be rigorously defined—in a manner analogous to
projectivities—as transformations that take a region 2 in the plane to a
region Q' in the plane and a circle or line intersecting 2 to a circle or
line intersecting ' (a generalized circular transformation '2). We will not
consider this issue in detail.

Notes to Section 4

I Another proof of Ptolemy’s theorem, and a number of its applications,
are found in the book by D. O. Shklyarskii et al., Collected Problems and
Theorems, Part 2 (Russian).

2 If we take 13 to be the length of the segment of the common outer
tangent of S1 and S3, or the length of the segment of their common inner
tangent, and introduce analogous definitions of #,3, t14, and 4, then we
obtain a total of 16 cross ratios of the four given pairwise disjoint circles.

3 If the center of inversion O is a point of one of the circles under
consideration, then its image under an inversion is a line, and property D
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is without meaning. If O lies outside some of the four circles and inside
others, then property D does not hold either. For example, if the center of
inversion O is outside S; and inside S35 and these two circles are exterior to
one another, then an inversion maps them on circles S| and S} of which one
is interior to the other. But then S| and S} have no common tangent and it
is therefore impossible to define their cross ratio.

4 If all four circles are exterior to one another, then an inversion with
center in the exterior of all of them preserves all their 16 cross ratios (see
Note 2).

5> Here we use the fact that both similarity coefficients, ,f—l and ,f—z, have
the same sign. This is so because, by assumption, O lies outside S and S>
or inside S; and S>.

6 Exceptions are the formula (+*) and property D of inversion which,
as shown earlier, retain their validity if some, or all, circles are replaced by
points. This allows us to replace some of the circles by points in problems
based on (*%) or on D. Specifically, that is why we can assume in the
statement of problem 50 that some of the circles S, Sz, S3, and Sy are
“circles of zero radius,” that is, points. On the other hand, we must not
replace any of the circles S, S, S3, and Sy by lines, for then (%) and D
lose meaning.

7 Note that, strictly speaking, in all such problems we must apply inver-
sion twice (see the Note on p. 81 of NML 24).

8 See the Note on p. 10 of NML 24.

9 In other words, if I takes a point M ono to M; and K takes M to ﬁ/,
then K, takes M to M .

10 1t is clear that the proof of the equality of the angles T BT} and TBT;
holds when T BT is not a right angle. This implies that stereographic
projection preserves angles (that is, the angle between circles X and S on
o is equal to the angle between their images X and S (which may be circles
or lines) in ). [Quite generally, stereographic projection of o on = is a
conformal mapping (see Note 7 in Section 1).]

1 Tt is easy to see that every circle in a plane perpendicular to ¥ can be
obtained by stereographic projection of a circle S perpendicular to X (this
follows, in particular, from the fact that in this way we can obtain a circle
perpendicular to ¥ and intersecting it in any preassigned pair of points); it
follows that I takes every circle perpendicular to X to itself.

12 Rigor requires that we speak of circular transformations of a conformal
plane (see Note 12 in Section 1). This was our implicit approach in all
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preceding arguments. (We note that a stereographic projection takes the
points of the sphere o to points of the conformal plane 7 and, in particular,
the point O of the sphere to the “point at infinity” of the plane 7.)






Axial circular transformations

A. Dilatation

At the beginning of this section we consider a simple transformation which
sometimes helps solve geometric problems. The properties of this transfor-
mation are significantly different from the properties of the transformations
we have studied thus far.

We recall the following well-known problem whose solution is given in
Kiselev’s school textbook of geometry: Construct a common tangent to
two given circles. The idea of the solution is the following. Suppose the
problem has been solved (Figure 68a; for definiteness we limit ourselves
here to the case of a common outer tangent). Now we transform our figure
by decreasing the radii @ and b (@ < b) of the given circles Sy and S,
by a without changing their centers. Then S; goes over to the point S}
and S to the circle S’ with radius b — a (Figure 68b). It is clear that the

5:

Sz
(a)
FIGURE 68

81



82 Circular Transformations

5

(b)
FIGURE 68

tangent /’ from S] to S} is parallel to the common tangent / of S; and S,
and the distance between / and [’ is a. Using the well-known construction
of a tangent from a given point to a given circle we construct /’. Then we
translate I’ by a in the direction perpendicular to [’ and in this way obtain
the required common tangent /.

The transformation that takes Figure 68b to Figure 68a is called a dilata-
tion by a; it increases the radii of all circles by a (so that points—circles
of zero radius—go over to circles of radius @) and translates all lines by a
in a direction perpendicular to them. The transformation that takes Figure
68a to Figure 68b is called a dilatation by the negative quantity —a, or a
compression; it decreases the radii of all circles by a.

Before going on to study the properties of dilatations we must consider
a fact that is essential for the rest of this section. This fact is that our
definition calls for additional clarifications without which it is meaningless.
Our definition does not explain what are the images of circles with radii
smaller than a (for example, points) under a negative dilatation, that is,
under a compression, by —a. That is not all. Even if we limited ourselves to
positive dilatations we would still be in trouble. Specifically, we said that a
dilatation by a translates a line / in a direction perpendicular to / through a
distance a. But there are two such lines (Figure 69), so the question to be
answered is which of these two lines is to be chosen as the image of / under
the dilatation.

In the problem analyzed earlier (Figure 68) what helped us make the
choice was the fact that [ was tangent to S,; we translated / so that
its “dilated” version (here, actually, its “compressed” version) should be

FIGURE 69
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(a)
FIGURE 70

tangent to S’,. However, it is clear that this approach does not settle the
matter in the general case. If we consider Figure 70a, in which, to begin
with, the line / is tangent to two circles, we would have to conclude that
under a dilatation it “splits in two,” by going over to two different lines /]
and [} (Figure 70b). An additional difficulty is that we don’t know how to
determine the image under a dilatation of a line not tangent to either of the
circles in the figure. Thus to obtain a definition of a dilatation applicable
to all situations we must supplement our earlier definition by specifying, in
addition to the “size” a, in which of the two possible directions an arbitrary
line is moved.

Given a line, we cannot distinguish one of its two sides from the other.
To make such a distinction we must first assign a direction to the line itself;
it is only then that we can speak of moving that line “to the right” or “to the
left.” (We cannot speak of the “right side” or “left side” of a street without
first indicating the direction of motion of a person walking on that street.)
We will call a line with an assigned direction a directed line, or an axis; we
will usually use the first of these two terms. Thus a complete definition of
a dilatation requires the introduction of the notion of a directed line. If we
assume that all lines are directed, we can state that under a dilatation by a
positive quantity a every line is moved by a in a direction perpendicular to
itself in a definite one of the two possible directions (in the sequel we will
choose the right direction); now each directed line will go over to a definite
(directed) line and no two (directed) lines will go over to the same (directed)
line. Clearly, two lines /1 and /, that differ only by their directions will go
over under a dilatation to two different lines /| and [} (Figure 71a); now
we can explain the “doubling” of a line / under a dilatation (Figure 70a).
Conversely, the two different lines /1 and /, in Figure 71b go over under the
relevant dilatation to two lines /{ and /) that differ only by their directions
and are otherwise coincident.
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We give another justification for the introduction of the notion of a directed
line. Suppose that a dilatation moves a horizontal line upward by a. It is natural
to require that lines neighboring the horizontal line (that is, intersecting it at a small
angle) should also move in a direction close to the upward direction and not in the
opposite direction (what enters here is the notion of continuity of a transformation).
In much the same way we can now define the direction of motion of lines close to
the lines which are close to the horizontal line, and so on. We consider the pencil
of lines obtained from the horizontal line by rotating it counterclockwise through
all angles between 0° and 180° (Figure 72). If we require that neighboring lines
move in neighboring directions, then the fact that the horizontal line moves upward
determines uniquely the direction of motion of all lines of the pencil. Specifically,
lines neighboring the horizontal move upward and slightly to the left (since the
lines are not directed, “to the left” does not mean “to the left of a line” but “to
the left as interpreted by a person looking at the plane”). The line making a 45°
angle with the horizontal line moves upward and to the left, the vertical—somewhat
to the left, and the line that forms a 180° angle with the horizontal line (that is,
the horizontal line itself)—somewhat down. To sum up: if a dilatation is to be a
continuous transformation (discontinuous transformations, marked by the fact that
the images of neighboring lines have radically different orientations, are of no
interest in geometry), then, under a dilatation, the horizontal line must move up
as well as down, as required by the transformation depicted in Figure 72. The only

FIGURE 72
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way out of this difficulty is to think of lines as “double,” that is, as distinguished not
only by their positions in the plane but also by their directions. If we introduce this
convention, then a directed horizontal line will, upon rotation through 180°, go over
to a line with opposite direction. When subjected to a dilatation, the latter line will
move downward, as required.

Throughout this section, the term “line” will always denote a directed line
(an “axis”). [The only exceptions are the statements of problems; here lines
are not directed.] We will say about two directed lines that they are parallel
only if they are parallel in the usual sense and have the same direction
(Figure 73a); thus the lines in Figure 73b are not regarded as parallel. By the
angle between two directed lines we mean the angle between the directed

— L

(a) (b)
FIGURE 73

rays determined by them (Figure 74a). On the other hand, we can choose as
the angle between two nondirected lines either one of the two angles formed
by them (LAOC or ZAOB in Figure 74b).

I3
o o p
(@) (b)
FIGURE 74

The introduction of directed lines eliminates the first of the two difficul-
ties associated with the definition of a dilatation given at the beginning of
this section. Now we can reformulate this definition as follows: consider a
figure T consisting of a finite number of circles and directed lines (axes).
By a dilatation of T by a positive quantity a we mean a transformation of
T in which each circle is replaced by a circle with the same center and
radius increased by a (in particular, each point—circle of zero radius—is
replaced by a circle of radius a and center at that point) and each (directed)
line moves to the right by a. We cannot as yet define a dilatation by a
negative quantity —a. This is so because it is not clear how to decrease
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the radius r of a circle if r < a. Formally, we could say that a dilatation
by a negative quantity —a takes a circle with radius r < a to a circle with
radius r —a = —(a — r), but thus far it is not clear what this is to mean.

A way out of this difficulty is suggested by the way in which we elimi-
nated the difficulty associated with the dilatation of lines. We will assume
that all circles in the plane are double circles, that is, that to a given center
and radius there correspond two oppositely directed circles. Just as in the
case of lines, the direction of a circle in a figure will be indicated by an
arrow. We will speak of directed circles, or cycles. One is free to adopt
either direction—clockwise or counterclockwise—as positive. We choose
the counterclockwise direction as positive and the clockwise direction as
negative. We will say that the radius of a positively directed circle is positive
and the radius of a negatively directed circle is negative.

Now we can give a final definition of a dilatation. By a dilatation by a
(which can be positive or negative) we mean a transformation of a figure
consisting of directed lines (axes) and directed circles (cycles) in which
every directed circle with center O and radius r goes over to the directed
circle with the same center O and radius r + a and every directed line
moves to the right by a. We add that by a translation by a negative distance
—a we mean a translation by a in the opposite direction, that is, to the left.
Clearly, if a dilatation by a takes a figure T to a new figure 7”, then the
dilatation by —a takes T’ to T. It is easy to see that a dilatation by a takes
two circles S and S, that differ only by their directions—that is, their radii
are r and —r—to two different circles S} and S} withradiir +a and —r +a
(the circle has “split in two”’; Figure 75a depicts the case a < r and Figure
75b depicts the case a > r); conversely, the dilatation by —a will take the
different circles S { and Sé to circles S1 and S, that differ only by direction.
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Throughout this section the term “circle” will always denote a directed
circle (a “cycle”). [The only exceptions are the statements of problems;
here circles are not directed.] Of two (directed) circles, or of a (directed)
circle and a (directed) line, we will say that they are tangent only if their
directions at the point of tangency coincide (Figure 76a); thus the two
circles in Figure 76b, and the circle and line in that figure, are not tangent.
Under these conditions two (directed) circles cannot have more than two
common tangents; the common tangents are outer if the circles have the
same directions (Figure 77a) and inner otherwise (Figure 77b). In this
section we will regard points as “cycles of zero radius.” Obviously, points
have no direction. We will say that a circle (or line) “touches” a point A if
it passes through it.

(a) (b)

FIGURE 77
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Now we state and prove two properties of a dilatation, labelled A and
B, and then, after introducing the notion of tangent distance, we state and
prove yet another of its properties, labelled C.

A. A dilatation takes a tangent circle and line to a tangent circle and
line (Figures 78a and 78b). Figures 78a and 78b make this property rather
obvious. Define the distance from a point to a directed line as positive if the
point s to the left of the line and as negative otherwise. A (directed) circle is
tangent to a (directed) line if the distance from the center of the circle to the
line is equal to the (positive or negative) radius of the circle (Figures 78a
and 78b). Under a dilatation by a the distance from the center of the circle
S to the line /, as well as the radius of S, are increased by a. This proves
that a dilatation preserves the tangency of a line and a circle.

B. A dilatation takes tangent circles to tangent circles (Figures 79a and
79b). Figures 79a and 79b make this property rather obvious. It is easy

FIGURE 79
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to verify that two (directed) circles are tangent if and only if the distance
between their centers is equal to the difference of their radii (Figures 79a
and 79b). Now a dilatation by a increases the radii of all circles by a, while
the distances between their centers remain unchanged. This proves that a
dilatation preserves the condition for the tangency of two circles.

To better understand the above, we consider once more the problem of construct-
ing a common tangent to two circles S; and S, with radii @ and . We assume that
the circles are directed, so that their radii can be positive or negative. In accordance
with the definition of tangents to directed circles, the common tangents are outer if
the signs of a and b are the same (Figure 80a) and inner if they are different (Figure
80b). To solve the problem we need only apply a dilatation by —a or by —b. This
dilatation takes one of the circles to a point. The problem of constructing a tangent

FIGURE 80

to two circles is reduced to the problem of constructing a tangent from a given point
to a given circle. This example demonstrates the advantage of the introduction of
directed lines and circles; the descriptions of the different cases shown in Figures
80a and 80b are the same (of course, in Kiselev’s “Geometry” these two cases are
considered separately).

Before discussing a third property of a dilatation we introduce the con-
cept of tangent distance which will play a major role in this section. By
the tangent distance between circles S; and S, we mean the length of the
segment of their common tangent between the points of tangency (Figure
81a). The tangent distance between two nondirected circles can take on two
different values (AB or CD in Figure 81b).
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On the other hand, two directed circles cannot have more than two
common tangents, and the lengths of the segments of these tangents are
the same (see Figure 77). [We recall that we can assign one of two values
to the angle between two nondirected lines, whereas the angle between
directed lines is uniquely determined (see Figures 74a and 74b).] If two
(directed) circles have no common tangents (if, say, one is inside the other),
then these circles have no tangent distance (just as we cannot define an
angle between nonintersecting circles). The tangent distance between two
directed circles is zero if and only if they are tangent to one another (see
Figure 76a; similarly, the angle between two circles is zero if and only if
they are tangent to one another); the tangent distance between the circles in
Figure 76b, of which we stipulated that they are not tangent, is not zero (it
is equal to A B for the first pair of circles in that figure and is undefined for
the second pair).

It is easy to see that if the radii of two directed circles S1 and S, are
r1 and ry and the distance between their centers is d then their tangent
distance is

t=\d?>—(r1—r2)? (*)

(for proof apply the Pythagoras theorem to the triangle O; O, P in Figure
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FIGURE 82

82; Figure 82a deals with the case when r; and r, have the same signs
and Figure 82b with the case when these signs are different). This formula
implies, in particular, that two circles S; and S, are tangent (that is, their
tangent distance ¢ is zero) if and only if

dz—(}’l —}’2)2 =0,

that is, if the distance d between their centers is equal to the difference of
their radii.
We now note the following important property of a dilatation.

C. Ifadilatation takes (directed) circles S1 and S» to (directed) circles
S| and S, then the tangent distance of S| and S} is equal to the tangent
distance of S1 and S, (Figure 83).

In fact, according to the definition of a dilatation, the radii | and r} of
S { and Sé are r1 +a and r, + a, where a is the magnitude of the dilatation,
and the distance d’ between their centers is equal to the distance d between
the centers of S; and S,. Hence

d’? —(ry —r5)2 = d* = [(r1 +a) — (r2 + a)]?
=Vd>=(ri—r)* =1,

which was to be proved.
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FIGURE 83

Property C of a dilatation is a generalization of property B (which can be
stated as follows: If the tangent distance of two directed circles is zero, then
the tangent distance of the transformed circles is also zero).

60. Use a dilatation to solve problem 13(c) in NML 21.
61. Use a dilatation to solve the Apollonius problem (problem 26(a)).

62. (a) Use a dilatation to solve problem 50 in Section 4.

(b) Prove the converse of the propositions in problems 50 and 51: if the
tangent distances of four circles S1, S», S3, and S4 are connected by the
relation

112134 + t14123 = t13024

(or t12t34 + t13t24 = t14123, OF t14123 + 13124 = 112l34), then these circles
are tangent to some fifth circle, or to some line, or are concurrent.

[Here t;, denotes the tangent distance of S; and S and #13, t14, 123, f24,
and 734 have analogous meanings. Also, if, say, #;» and 713 are segments
of like common tangents of S and S» and of S; and S5 (that is, both are
segments of common outer or of common inner tangents), then 7,3 stands
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for a segment of a common outer tangent of S, and S3; if, on the other hand,
t12 and t13 are segments of unlike common tangents (that is, one outer and
one inner), then f,3 stands for a segment of a common inner tangent of S,
and S3. In much the same way, if 715 and 714 are segments of like (unlike)
common tangents, then 7,4 is a segment of a common outer (inner) tangent
of S, and S4, and so on.]

63. Use the result of the previous problem to prove the theorem in problem
11 in Section 1.

64. Prove that if four given circles Sy, S2, S3, and Sy are tangent to three
fixed circles X1, ¥,, and X3, then these four circles are also tangent to
some fourth circle X.

[In problem 64 we can replace some (or all) of the circles X1, ¥», and X3
by lines (“circles of infinite radius™) or by points (“circles of zero radius”);
the circle ¥ may also turn out to be a line or a point.! If £, 5, and 3 are
three lines, then X is the nine point circle of these three lines (see problem
63).]

The introduction of directed lines and circles is indispensable for the investigation
of the transformations in this section and is also frequently useful in other matters
(see, for example, pp. 20-21 and 30-31 in NML 8). A specific advantage of directed
lines is that the angle between them is uniquely determined, and a specific advantage
of directed circles is that they can have only one pair of common tangents. There
are cases in which these properties of directed lines and circles yield essential sim-
plifications. For example, a triangle with nondirected sides has six angle bisectors—
three inner and three outer. They intersect three at a time in four points. Three of
these points are the centers of escribed circles of the triangle and the fourth is the
center of its inscribed circle (see Figure 84a). This fairly complicated configuration
is significantly simplified if the sides of the triangle are directed lines, for then
we have only three angle bisectors and a single escribed circle (Figure 84b).2 [We
leave it to the reader to explain the simplifications resulting from the introduction of
directed lines in the fairly complicated theorems involved in the solution of problem
73(b) in NML 24.] Two directed circles have one center of similarity (rather than
two!): an outer one in the case of circles with the same direction and an inner one
in the case of circles with different directions. Three directed circles have three
centers of similarity—one for each pair of circles. These three centers of similarity
are collinear—they lie on the (unique!) axis of similarity of the three circles (Figure
85). (Compare Figure 85 with the far more involved Figure 19 in NML 8.) The
formulation of the theorems in problems 50, 51, 62 and in subsequent problems
is considerably simplified if the circles in these theorems are directed; also, we can
dispense with the rather cumbersome clarifications following the statements of these
theorems. There are many more instances of this kind.

We note one more fact of extreme importance for the present section. The
properties of directed lines are not only far simpler than those of nondirected lines
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FIGURE 84

but they also resemble to a greater extent the properties of points. Thus the fact
that three directed lines are tangent to a unique directed circle is analogous to the
fact that three points lie on a unique circle; that two directed circles have two, or
one (if they are tangent!) or no common (directed) tangents is analogous to the fact
that two circles have two, one, or no common points, and so on.3 This gives rise to
the familiar parallelism (“duality””) between the properties of points and of directed
lines, a parallelism that is absent if the lines are not directed. To illustrate this issue
more persuasively, we adduce a number of paired theorems in which the second
theorem in a pair is obtained from its partner by replacing in the latter “point” by

FIGURE 85
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“directed line,” “line” by “point,” “circle” by “directed circle,” “a point lies on a
line” by “a directed line passes through a point,” “a circle is tangent to a line” by “a
directed circle passes through a point,” and “a point lies on a circle” by “a directed

line is tangent to a directed circle.™*

I. If each of four circles Sy, S2, S3, and Sy is tangent to two of its neighbors
(S7 to S7 and Sy, S7 to S1 and S3, and so on), then the four points of tangency lie
on a single circle X (see problem 5 in Section 1).

I'. If each of four directed circles S1, S», S3, and S4 is tangent to two of
its neighbors, then the four directed common tangents of neighboring circles are
tangent to a single directed circle ¥ (see problem 73 below).

II. If A; and A5 are the points of intersection of circles Sy and S»; B and
B>—the points of intersection of S> and S3; C; and Co—the points of intersection
of S3 and S4; and D and Dy—the points of intersection of S4 and Si; and if
A1, B1, C1, D1 lie on one circle, then A, By, C», D5 also lie on one circle (see
problem 6(b) in Section 1).

II'. If a; and ap are common (directed) tangents of circles S1 and S,; b;
and bp—common tangents of S and S3; ¢; and c;—common tangents of S3
and S4; and d and dp—common tangents of S4 and S7; and if the directed lines
ai,by,ci,dy are tangent to a directed circle, then az, b3, ¢, d are also tangent to
a directed circle (see problem 67(a) below).

III. Let Sy, S2, and S3 be three circles which intersect in a point O; we will
call the circle passing through the three other points of intersection of Sy, Sz, and
S3 the central circle of our three circles. Further, from four circles intersecting in O
we can choose four triples of circles; the corresponding four central circles intersect
in a single point—the central point of four circles (this assertion is equivalent to the
theorem in problem 6(c) in Section 1). Similarly, from five circles intersecting in a
point we can choose five quadruples of circles; the corresponding five central points
lie on a single circle—the central circle of five circles, and so on (compare this with
problem 7(a) in Section 1).

III'. Let Sy, S, and S3 be three directed circles tangent to a directed line
0; we will call the directed circle tangent to the three other (directed) common
tangents of S1, S2, and S3 the central circle of our three circles. Further, from four
directed circles tangent to a directed line o we can choose four triples of circles; the
corresponding four central circles are tangent to a directed line—the central line of
four circles. Similarly, from five directed circles tangent to a directed line we can
choose five quadruples of circles; the corresponding five central lines are tangent to
a directed circle—the central circle of five circles, and so on (the reader should try
to supply a proof?!).

IV. Let S1, S2,and S3 be three circles which intersect in a point O, and let A1,
A2, and A3 be three points on these three circles; then the circle 31, passing through
A1, A, and the point of intersection of S; and S5 different from O, and the circles
Y5 and ¥3 defined in a manner analogous to the definition of X1, intersect in a point
which we will call the directing point of our three circles (this assertion is equivalent
to the theorem in problem 6(a) in Section 1). Further, let S1, Sz, S3, and S4 be four



96 Circular Transformations

given circles intersecting in a point O, and on these circles four concyclic points
A1, Az, A3z, and Ay4; the four directing points of the four triples of circles which
can be chosen from S1, Sz, S3, and Sy lie on a single circle—the directing circle
of our four circles. Similarly, from five circles S, Sz, S3, S4, and S5 intersecting
in a point, on which are given five concyclic points, we can choose five quadruples
of circles; the corresponding five directed circles intersect in a point—the directing
point of our five circles, and so on (compare this with problem 7(b) in Section 1).

IV'. Let Sy, Sz, and S5 be three directed circles tangent to a directed line o,
and let ag, as, and a3 be any three (directed) tangents to S1, Sz, and S3; then the
directed circle X1, tangent to aj, ap, and to a (directed) common tangent of S
and S; different from o, and the circles ¥, and X3 defined in a manner analogous
to the definition of ¥, are tangent to a single directed line—the directing line of
our three circles (see problem 67(b) below). Further, let S1, S, S3, and S4 be
four given directed circles tangent to a directed line o and any (directed) tangents
ai, az, az, and aq of these circles all tangent to a single directed circle; then the
four directing lines of the four triples of circles which can be chosen from Si,
S2, S3, and S4 are tangent to a single directed circle—the directing circle of our
four circles. Similarly, from five directed circles tangent to a directed line, with five
of their (directed) tangents tangent to a single directed circle, we can choose five
quadruples of circles; the corresponding five directing circles are tangent to a single
directed line—the directing line of our five circles, and so on. (The reader should try
to supply proofs!)

V. The circle passing through the midpoints of the sides of the triangle ABC
(Figure 87a) is tangent to the inscribed and the three escribed circles of that triangle
(see problem 11 in Section 1).

V’. The circle tangent to the three angle bisectors of the triangle ABC (Figure
87b; see Note 2 in the Notes to this section) is tangent to its circumscribed circle
(and all four circles tangent to its angle bisectors have this property; by choosing
different directions on the sides of the triangle ABC, and thus also different angle
bisectors, we obtain a total of 16 triangles tangent to the circumscribed circle). [For
proof note that in Figure 87b the points A, B, C are the feet of the altitudes of the
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triangle A1 B1C; and use the results of problem 17(a) in NML 21 and of problem
11 in Section 1.°]

We could give many more such pairs of theorems.

We will see in the sequel that the parallelism between the properties of points and
directed lines is truly profound.

Thus far we have viewed a dilatation as a transformation that takes
a figure in the plane to a new figure. Now we will look at this trans-
formation in a different way. In NML 8 we studied isometries, in NML
21—similarities, in NML 24—affine transformations, and in Sections 1—
4 of this book—inversions. All these transformations are point-to-point
transformations, that is, they take a point in the plane (or in a part of the
plane, as in the case of projective transformations (see p. 52 in NML 24)
and inversions (see p. 11)) to some new point. In Section 4 of NML 24
we studied polarities. These transformations interchange points and lines
and thus are not point-to-point transformations. While dilatations are not
point-to-point transformations, they are very different from polarities.

In Section 4 of NML 24 we discussed the principle of duality. According
to this principle points and lines in the plane have—to a significant extent—
the same status, in the sense that if we interchange the terms “point” and
“line” in a theorem we obtain a new and true theorem. But if points and
lines have equal status, then, in addition to point-to-point transformations,
we should also study transformations that take lines to lines without nec-
essarily taking points to points. Dilatations are an instance of just such
transformations of the plane.

In the case of point-to-point transformations we viewed each geometric
figure F as a set of points taken by the transformation to new points,
and thus the figure F to a new figure F’. In particular, a point-to-point
transformation takes a curve y to some curve y’ (Figure 88a). In the case of
line-to-line transformations we must view each geometric figure @ as a set

g

(a)
FIGURE 88
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FIGURE 88

of lines; the transformation takes lines to lines, and thus the figure @ to a
new figure @'. In particular, in this section we will view a curve as the set
of its tangents; the line-to-line transformation takes each curve I" to a new
curve I'” (Figure 88b).

In the case of line-to-line transformations it turns out to be convenient to
work with directed lines (axes).® A transformation of the plane that takes
each axis to an axis is called an axial transformation. Axial transformations
can be said to correspond to point-to-point transformations under the duality
principle.

In Section 1 we considered point-to-point circular transformations of the
plane, that is, point-to-point transformations of the plane that take circles
(including lines, viewed as circles of infinite radius) to circles. Dilatations
are axial transformations that take circles (including points, viewed as
circles of zero radius) o circles.” We will call such transformations axial
circular transformations.® The definition of axial circular transformations
is obtained from that of circular transformations by interchanging the terms
“point” and (directed) “line.” Comparison of the properties of point-to-point
and axial circular transformations illustrates well the general principle of
duality.

Dilatations are a special type of axial circular transformations. Simi-
larities are another special type of such transformations (see NML 21).
In the sequel we will encounter more complicated kinds of axial circular
transformations.

Property A of dilatations implies that they take circles to circles (see
Note 7). Property B of dilatations corresponds to an analogous property
of inversions (“inversions take tangent circles to tangent circles”). We are
about to explain what property of circular transformations corresponds
under the principle of duality to property C of dilatations.
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We look carefully at the meaning of the concept of tangent distance of
two circles. In this section we view a circle not as a set of points but as
the set of lines tangent to that circle. To define the tangent distance of two
circles S and S, we first single out their “common line” m, that is, their
common tangent. Let A and B be two points of S; and S, on m (Figure
89a). The tangent distance of S; and S, is the length of the segment A B.

FIGURE 89

Now we interchange in our definition “point” and “line.” We view Sy
and S as sets of points; instead of their “common line” we consider their
“common point,” that is, their point of intersection M. Let a and b be
“the lines of S; and S, passing through M,” that is, the tangents to these
circles at M (Figure 89b). Clearly, what corresponds under the principle of
duality to the segment AB (the set of points on the line m between A and
B) is the angle aM b (the set of lines through M between a and b), and
what corresponds to the length of the segment A B is the magnitude of the
angle aM b. But aM b is the angle between S; and S, (see Figure 3a). It
follows that what corresponds under the principle of duality to the concept
of tangent distance between two circles is the concept of the angle between
two circles.

We saw earlier that inversion preserves the angle between two circles
(see property C of inversion on p. 11). By the fundamental Theorem 2 in
Section 4 (p. 73) it follows that the angle between two circles is preserved
under all point-to-point circular transformations. To this property of circular
transformations there corresponds the preservation of the tangent distance
between two circles.’
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B. Axial inversion

We will now describe a transformation called axial inversion, the dual
of inversion (that is, the counterpart of inversion under the principle of
duality).

We begin by proving a theorem which suggests how to define axial
inversion.

Theorem 1. Let S be a circle and | a line (Figure 90; the line and the
circle are directed). Let M be a point on | outside S. Let a and b be the
tangents from M to S. Then the product '°
la _Ib
tan — - tan —
2 2

depends only on S and | and is independent of the choice of M on l.

Proof. Let O be the center of S and r its radius. Let A and B be the
points of tangency of a and b with S. Let P be the foot of the perpendicular
from O to [/ and d = OP the distance from the center of S to [ (Figures
90a and 90b; in both figures the circle is positively directed and O is to the

4

=
I/M’

FIGURE 90
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left of the directed line /). The tangent rule, applied to the triangle OAP,
yields the equality

tan LOAP;LOPA OP — 04

tan £0AP+ZOPA T OP 04

Since two opposite angles in the quadrilateral OAM P are right angles,
we can circumscribe a circle about it. Hence ZOAP = ZOMP; ZOPA =
ZOM A (for these angles are subtended by the same arc). Now we use the
fact that

LOMP + ZOMA = ZPMA;
LOMP — Z/OMA =/Z0O0MP — ZOMB = +/PMB.
Since, in addition, OP = d and OA = r, we have
tan% _r—d|
tan% or4d’

Figure 90 implies (note the directions of lines!) that

o~

/PMB =[b: /PMA = 180° — [a.

Hence
/ZPMB Ib
tan = tan —;
2 2
g £PMA (900 fa) tfa 1
an = —— | =cot— = —
2 2 2 tan 17“
Thus

tanl—a-tan&=|r_d|. (%)
2 2 r+d

This shows that the product on the left is indeed independent of the choice

of M on [ (and dependent only on the choice of S and /).!!

Now we will see what theorem is the dual of Theorem 1. In Theorem 1
we have the circle S and the line [ (Figure 91a). Their duals are the circle S
and the point L (Figure 91b). The dual of a point M on [ is a line i passing
through L; the duals of the tangents a and b from M to S are the points A
and B of S on m, and the duals of the angles Ia and b are the segments
LA and L B. Now we state a well-known theorem of school geometry:

Theorem 1'. Let S be a (nondirected) circle and L a point (Figure 91b).
Let m be a line through L and A and B its points of intersection with S.
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FIGURE 91

Then the product
LA-LB (k)

depends on S and L but not on the choice of the line through L (see
Theorems la and 1b in Section 3, p. 49).

This theorem is the dual of Theorem 1.
We called the product LA - LB the power of L with respect to S. Itis

reasonable to call the product tan 17“ -tan % the power of the (directed) line
I with respect to the directed circle S.!2

In Section 4 of NML 24 we called two theorems dual to one another if each of
them could be obtained from the other by applying a polarity to the figure associated
with the other. We will show that it is possible to deduce Theorem 1 from the
well-known Theorem 1/, that is, we will show that these two theorems are dual
to one another in the rigorous sense of Section 4 of NML 24.

A polarity with respect to the circle S takes Figure 91b to Figure 92. Assume
that S and the lines /, a, b are directed; clearly, la = ZLOA and [b = ZLOB
(property C of a polarity; see p. 82 in NML 24). Further, applying the so-called
Mollweide formulas to the triangles LOA and LOB, we have:

1A sin LLZOA . LB sin ALZOB
= ZLOA—ZALO’ = ZLOB—/BLO °
LO+ 0A ~ cos £LOA-ZALO" [0+ OB ~ cos £LOB—ZBLO

Clearly, ZLAO = 180°— ZLBO, ZOLA = ZOLB (Figure 92), or, if L is in the
interior of S, ZLAO = ZLBO, ZOLA = 180° — ZOL B. Hence, in all cases,

ZLLAO — LALO . ZLBO + ZBLO . 180°—ZLOB
cos = sin = sin
2 2 2
ZLOB
= cos ;
2
ZLBO — ZBLO ZL0oA
€08 ————————— = 05 .

2 2
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FIGURE 92

Denoting the distance OL by D and the radius of S by r, we have

LA sin%a_ LB sin%
D+r cos% D+r cos%"

Multiplying the two latter formulas we obtain

LA-LB la Ib
——— =tan — - tan —.
(D +r)? 2 2
Since the product LA - LB depends only on L (Theorem 1), the latter formula

shows that the product tan 17“ - tan % depends only on / (Theorem 1).13

When deducing Theorem 1 from Theorem 1’ we assumed that S is positively
directed and O is to the left of / (see Figures 92 and 90a). We leave it to the reader
to discuss all other cases.

We recall the definition of inversion. An inversion with center O and
power k is a (point-to-point) transformation which takes a point A to a point
A’ such the line AA’ passes through O and

OA-0A" =k

(Figure 93a); also, A4 and A’ are on the same side of O. The analogy between
Theorem 1 and Theorem 1’ suggests the following definition:

An axial inversion with (directed) central line o and power k is an (axial)
transformation which takes a (directed) line a to a (directed) line a’ such



104 Circular Transformations

A a
A
/ E!
a
(a) (b)
FIGURE 93

that the point of intersection of a and a’ is on o and

od oa’
tan — -tan — = k
2 2
(Figure 93b); also, a and a’ are directed to the same side of o.14
This definition is incomplete, for it does not show how to transform lines
which do not intersect the central line 0. For guidance note the following. If

the angle 0d is small (that is, tan % is small), then o/\a’ is close to 180° (that
is, tan "7”/ is large). Drop perpendiculars M P and M P’ from any point M
on o to a and a’ (Figure 94); let o be the point of intersection of a, a’, and
0. Then

L Ztm%
MP = OM sinoa = OM ——=—,
1 + tan? &'
— ZCOt@
MP’' = OM sin (180° — 0d’) = OM ———2—.

7
1 4 cot? %~

Now divide the first of these equations by the second. Since

—~

oa oa’
1+tan2%%1 and 1+cot27%1

a7 b
pl a
5
\iﬂ
q H a7
Pz
7 v

FIGURE 94
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o~ —

’
(tan %" and cot %5~ are small) and

o~ o~

/

oa oa oa oa’
tan — : cot — = tan — -tan — = Kk,
2 2 2 2
it follows that
MP
MP'

This being so, it is natural to take for granted that an axial inversion of
power k takes a line b parallel to the central line o and at a distance M Q
from o to a line b’ counterparallel' to o and at a distance M Q' from o
such that A%—AQ'I, = k (Figure 94). Conversely, the image of b’ is b.

An axial symmetry can also be defined geometrically. Let o be the central
line of an axial symmetry, X a circle tangent to a line / and to its image !’
(such a circle is called the directing circle of the axial symmetry), and ag
and ag two (directed) tangents to X which meet on o (Figure 95). In view
of Theorem 1, we have, obviously,

tanﬂ-tan% :tano—l-tano—l/ =k,
2 2 2 2
where k is the power of the axial inversion. This leads to the following
definition of an axial inversion.

An axial inversion with central line o and directing circle ¥ is an axial
transformation which takes every (directed) line a to a (directed) line a’
such that a and a’ meet on o, and the tangents ag and ay, to %, parallel to
a and a’, also meet on o (Figure 95). [This definition also fails to describe
the effect of the transformation on lines that do not intersect the central line

A~

=

~ ~

FIGURE 95
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0. This calls for the following supplementary statement: An axial inversion
interchanges tangents p and p' to the directing circle X, it takes a line b
parallel to p to a line b’ parallel to p' and such that the distances of b and
b’ from o are proportional to the distances of p and p' from 0.]

If an axial inversion is given by its central line o and its directing circle
3, we can easily construct the image a’ (or b’) of a given line a (or b). To
this end we construct successively ag, a;,, and a’ (or p, p’, and b’). We note
that since a¢ and a;, must be directed to the same side of 0, X intersects o.

It is clear that the directing circle ¥ of a given axial inversion is not
uniquely determined: in fact, one can inscribe infinitely many circles in
the angle /0!’ in Figure 95 and one can choose the lines / and [’ in
different ways.

We saw in Section 1 of NML 24 that it is sometimes convenient to assign
signs to segments. Similarly, we sometimes assign signs to angles formed
by (distinct and directed) lines; namely, we say that angles ab and cd have
the same signs if their directions—from a to b and from ¢ to d—coincide
(Figure 96a), and different signs if these directions are different (Figure
96b). Of course, the order of the rays of an angle is essential; according to
our definition, the angles ab and ba have opposite signs.

(a) (b)
FIGURE 96

If we take into consideration the signs of angles, then we must take the
power LA - LB of a point L with respect to a circle S as positive if L is
outside S (see Figure 91b; here L A and L B have the same directions) and
as negative if L isinside S (see, for example, Figures 50a and 50b on p. 49).
If r is the radius of S and d is the distance of L from the center of S, then
the power of L with respect to S (including sign!) is

d>—r*=(d—r)d+r)
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(see p. 50). Similarly, if we take into consideration the signs of angles, then
the power of a (directed) line / with respect to a (directed) circle S, equal to
the product tan %“ - tan %, will be positive if [ intersects S (see Figure 90a;
here the directions of the angles [a and [b coincide) and negative if [ does
not intersect S (Figure 90b). If r is the (positive or negative) radius of S
and d is the (positive or negative) distance from the center of S to the line
[, then the power of [ with respect to S (including the sign!) is equal to

r—d
r+d

(see the proof of Theorem 1 on pp. 100-101; we suggest that the reader
examine the various cases involved).

If we take into consideration the signs of segments, then the power k
of (an “ordinary”) inversion can be positive or negative; the latter implies
that the signs of the segments OA and OA’ are different, which means that
A and A’ are on different sides of O (Figure 97a). Note that an inversion
of negative power —k is equivalent to an inversion of positive power k
followed by a reflection in the center of inversion O. Similarly, if we take
into consideration the signs of angles, then the power of an axial inversion
can be positive or negative; the latter means that the angles oa and oa’ have
different signs, that is, that the lines a and a’ are directed to different sides
of the line o (Figure 97b). Clearly, an axial inversion of negative power

(@) (b)
FIGURE 97

—k is equivalent to an axial inversion of positive power k followed by a
reflection in the central line 0. One can give a geometric description of an
axial inversion of negative power that is equivalent to the definition of an
axial inversion of positive power, except that in this case the directing circle
Y will not intersect the central line o (Figure 98).

We note that an axial inversion (of positive or negative power) inter-
changes (directed) lines (that is, if it takes a to a’ then it takes a’ to a).
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FIGURE 98

We now list and discuss the most important properties of axial inversions.

A. An axial inversion takes parallel lines to parallel lines (Figure 99).

a 2 @

FIGURE 99

Property A follows directly from the the first and second definitions of an
inversion.

B. An axial inversion takes a (directed) circle or a point to a (directed)
circle or a point (compare this with property C of an ordinary inversion in
Section 1, p. 11).

Since an axial inversion of negative power is equivalent to an axial
inversion of positive power followed by a reflection in a line, it is enough
to prove property B for an axial inversion of positive power. This means
that the directing circle ¥ of inversion intersects the central line o in points
Qo and Ry (Figure 100). Further, let Z be the point of intersection of the
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FIGURE 100

tangents ko and /o to  at Qg and Ry,'® S a directed circle (or a point), a a
tangent to S, ag a tangent to X parallel to a, a;, another tangent to X drawn
from the point M, of intersection of a¢ and o, and @ a tangent to S parallel
to ay.

Similarity considerations imply that M, the point of intersection of a
and @, is on the line o parallel to o and disposed with respect to S in the
same way as o is disposed with respect to X (in other words, the distance
of the center of S from 0 is related to the radius of S as the distance of
the center of £ from o is related to the radius of ¥). We denote the points
of intersection of S and 0 by Q and R and the point of intersection of the
tangents k and / to S at Q and R by Z (clearly, k and [ are parallel to kg
and [y respectively).

We consider an arbitrary (directed) circle S; tangent to k and /; let a; be
tangent to S; and parallel to @, and let M be the point of intersection of a
and a;. We claim that M lies on the radical axis 01 of S and S (see Section
3,p.-49). Let A4, A, and A be the points at which a, a, and a; are tangent
to the appropriate one of the circles S and S;. Obviously, S is centrally
similar to S with center of similarity at Z, and 4 and A; are corresponding
points of these circles. Hence AA; passes through Z. On the other hand, 0
is the polar of Z with respect to S (see Section 4 in NML 24, p. 66f.); since
0 passes through M, the polar of M —that is, the line A A—passes through
Z. It follows that A, A, and A, lie on a line passing through Z. Now the
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similarity of the triangles M AA and M AA; implies that

MA MA

MA;,  MA

Since, obviously, ‘M A = M A, the latter relation implies that
MA = MA,.

But this means that M lies on the radical axis 01 of S and S. Note also that
since the line of centers of S and S;—that is, the bisector of ZOZR—is
perpendicular to o and o, it follows that o7 | o.

So far we assumed that S; was an arbitrary circle inscribed in ZQZR.
Now we choose this circle in a special way, namely, we require that the
segment Q Q1 of k between its points of tangency with S and S; be halved
by o (Figure 101). Then the radical axis 07 of S and S; coincides with
o (this follows from the fact that the point I of intersection of k and the
central line o lies on the radical axis of S and S;: IQ = IQ;). Butif a;
and «a intersect on the central line o, then it follows that a; coincides with
a’, the image of a under the axial inversion (see the definition of an axial
inversion on p. 105). This means that S; (which we denote in this case by

FIGURE 101
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(b)
FIGURE 101

S’) is the image of S under the axial inversion. This completes the proof of
property B of an axial inversion.!”

The method of construction of the circle S’, the image of the given circle
S, follows directly from the proof of property B: the circle S’ is tangent to
the tangents k and | of the circle S, which are parallel to the tangents kg
and ly to the directing circle X at the points of intersection of % with the
central line o; also, the central line o halves the segments Q Q' and RR’
of the common tangents of S and S’. If S intersects o (Figure 101a) then,
when constructing the circle S’, we can use as a starting point the fact that
o0 is a common chord of S and S’ (this follows from the fact that o is the
radical axis of S and S’).

This construction implies certain inferences. It is easy to show that if the
circle S does not intersect the the central line of the axial inversion, then
we can choose the directing circle ¥ so that the image circle S’ is a point
(“a circle of radius zero™); and if S intersects o, then we can choose % so
that the center of S’ is on o. In fact, suppose that S does not intersect o.
Let P be the foot of the perpendicular from the center O of S to 0o; PT
the tangent from P to S; and S’ a point on the extension of OP beyond P
such that PS’ = PT (Figure 102a). It is easy to see that in this case the
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(a) (b)
FIGURE 102

radical axis of the point S’ (a “circle of zero radius”) coincides with o (for
PT = PS’ implies that P is on the radical axis). Hence if the directing
circle ¥ of an axial inversion is such that the tangents to this circle at its
points of intersection with the axis o are parallel to the tangents S'Q and
S’R drawn from S’ to S (for example, if X is tangent to the segments S’ Q
and S’R at their midpoints I and J; Figure 102a), then the axial inversion
takes S to the point S'. And if S intersects o at points U and V then, to
transform S to the circle S’ with diameter UV (S’ has the same direction
as ), we need only require that the tangents to the directing circle ¥ at
its points of intersection with the central line o be parallel to the common
tangents of S and S’ (for example, that ¥ be tangent to these common
tangents at the points in which they intersect o; Figure 102b).

Further, suppose that an axial inversion takes a circle S’ (which does not
intersect the central line 0) to a point ', and m and n are tangents to S from
(an arbitrary) point M on o, and that S is (an arbitrary) circle tangent to m
and n (Figure 103).

The images m’ and n” of m and n under our axial inversion pass through
M and §’, and so can differ only by direction; the image S| of S; under
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=Y

FIGURE 103

the axial inversion is tangent to m’ and n’. Obviously, only a point (and not
a circle of nonzero radius) can “be tangent” to two lines that coincide in
terms of position but have opposite directions. It follows that the image of
S1 under our axial inversion is also a circle. We conclude that a suitably
chosen axial inversion (or dilatation) takes two circles S and S1 with two
common tangents to two points; for this it suffices to require that the central
line o of the axial inversion should pass through the point of intersection of
m and n and that the image of S should be a point (if m || n, then S and
S can be transformed into points by a dilatation). Also, a suitably chosen
axial inversion will take three circles S, S1, and S, whose axis of similarity
o (see p. 29 in NML 21)'8 does not intersect these circles into three points,
for this we need only use an axial inversion with central line o which takes
S to a point (Figure 103).°

‘We now give an algebraic proof of property B of axial inversion based on the first
definition of this transformation. Suppose that a tangenta to a circle S intersects the
central line o at M ; that the radius of S is r; and that the distance from the center O
of S to 0 is d (Figure 104). We drop perpendiculars OP and OQ from O to o and
a. Let K be the point of intersection of @ and OK parallel to o. Let P’ be the foot
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P
FIGURE 104

of the perpendicular from K to o. Then, clearly,??

MP = MP' + P'P.
Consider the triangles M P’ K and KOQ. We have

KP’ d o
MP/: - = — -, PP/=K0=Q/\=r/'\
—tanoa tanoa sinoa  sinoa
Hence
d r 2 tan oa 2 tan oa
MP = —— = —d: 2 tr: z_
anoa  sinoa
1 —tan2 %2 1 4 tan? %
or, finally,
MP = Atan 22 + Beot 22, (%)
2 2

where

d —d

a4 gt
2 2

Now we apply an axial inversion of power k. Then a goes over to a line a’ which
intersects o at (the same point) M such that

oan 2% ¢ oa’ k
an — tan — = k,
2 2
that is,
oa oa’ oa 1 oa’
tan — = kcot—, cot— = —tan —.
2 2 2 k 2
Hence for the new line a’ we have:
—~ —,
oa B oa
MP = Ak cot — + — tan —,
2 k 2

or

MP =4 tanT +B cotT, (%)
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where

From (*) and (**) we conclude that a’ is tangent to the circle S’. Its radius is /.
The distance O’ P = d’ from the center O’ of S’ to the axis o is determined from
the relations

d/+r/_A/ —d/—|—r/
2 2

(Figure 104). And this is what we wished to prove.
‘We note that the formulas we have obtained imply that

—d d k
tr, @+

=B’

B
r’:A’+B’=E+Ak=

2k 2 ’
a”:A/—B/ZE—Akz_d+r—(d+r)k.
k 2k 2

Hence for the image of S’ to be a point it is necessary and sufficient that

—d+r (d+r)k
’r_ _
=% T2 =0

or
d—r. X d—r ~d2—r?

K2 = = =
d+r’ d+r d+r

It follows that if a (directed) line does not intersect a (directed) circle S, that is, if
d? —r? > 0, then one can take S to a point by an axial inversion with central line
o. For this it suffices to choose the power k of the inversion equal to

d2 — 72
k= ———
d—+r
2
[Here the images of all circles with d-r _ k2, or d _ 14k , are points. This
g d+r 1—k2 p

family of circles is characterized by the fact that the center of similarity of any two
of them lies on the axis o0.]

For the center of an image circle to lie on the central line o it is necessary and
sufficient that
_—d+r (d+r)k —0
2k 2

kz_—d—i—r. k= —d+r Vr2-d?
T od+r’ “Nd+r T r+d

Hence if S intersects o, that is, if r2 — d? > 0, then S can be taken to a circle with
center on o; for this it suffices to choose the power k of the inversion equal to

d/

)

or

2 _ 42
r+d
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C. An axial inversion preserves the tangent distance of two circles
(compare this with property C of an ordinary inversion; see Section 1, p. 11).

First we assume that one of two circles is a point M (a “circle of zero
radius”) on the axis of inversion o (Figure 105a). Under the inversion M
will go over to itself, and the tangent distance M A between M and the circle
S will be equal to the tangent distance M A’ between M and the image S’
of S (this is so because o is the radical axis of S and S’; see the proof of
property B of axial inversion).

Now let S; and S» be two circles. Let AB be their common tangent
which intersects the axis of inversion o at M. Let S and S}, be the images
of S7 and S5 under the axial inversion and let A’ B’ be their common tangent
(Figure 105b).

(b)

FIGURE 105
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From what has just been proved it follows that
AM = A'M, BM = B'M.

Hence
AB = A'B’,

which is what was to be proved.
Property C of axial inversion implies, in particular, that an axial inversion
takes two tangent circles to two tangent circles.

In the case of ordinary inversion the angle between circles does not change size
but does change direction (see p. 13). Similarly, it makes sense to say that in the
case of axial inversion the tangent distance between two circles does not change
size but does change direction. Specifically, if AB is the tangent distance between
circles 1 and S> and the direction of the segment AB from A to B is opposite to
the direction of the common tangent / of the circles of which this segment is a part,
then the tangent distance A’ B’ of the transformed circles S| and S} is equal to the
distance A B, but the direction of the segment A’ B from A’ to B’ will coincide with
the direction of I/, the image line of / (Figure 105b).

In analogy to the definition of the tangent distance of two circles we can define
the tangent distance of two curves y1 and y as the length of their common tangent
between the points of tangency (Figure 106; for the notion of a tangent to an arbitrary
curve see p. 13). One can show that if an axial inversion takes curves y1 and y»
to curves y{ and yé, then the tangent distance between y{ and yé is equal to the
tangent distance between y1 and y» (in other words, an axial inversion preserves
the tangent distance between two curves).2® We won’t discuss this property of axial
inversion because we do not use it.

65. (a) Use an axial inversion to solve the problem of Apollonius (see
problem 26(a) in Section 2, p. 36) in the case where the axis of similarity of
the given circles Sy, S, and S5 does not intersect any of them.

(b) Use an axial inversion to prove the theorem in problem 50 (p. 69)
in the case where the axis of similarity of the circles S1, S», and S3 does
not intersect any of them.

-_A )/
pS——

FIGURE 106
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66. Use the properties of axial inversion to deduce the theorem of Brian-
chon (see problem 47 on p. 63 in NML 24) from the fact that the radical axes
of three circles taken two at a time are concurrent (see Section 3, p. 49).

67. (a) We are given four circles Sy, 52, S3, and S4. Let a1, a, be the
common tangents of Sy and S;; b1, b, the common tangents of S, and S3;
1, ¢» the common tangents of S3 and S4; and d1, d» the common tangents
of S4 and S. Show that if ay, b1, c1, and d; are tangent to a circle X, then
as, by, 2, and d, are tangent to a circle ¥ (Figure 107a).2!

(b) Let Sy, S, and S3 be three given circles and let a;, a,, and a3 be
tangent to these circles. Let b3, by, and b; be common tangents of the pairs
S1,82; S1, S3; and S», S3. Finally, let ¥, %5, and X3 be tangent to the
triples a,, as, by; ai, as, by; and ay, a,, b3 (Figure 107b).22 Show that if

FIGURE 107
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S1, S2, and S3 are tangent to a line I_ (different from by, b,, and b3), then
31, X2, and X3 are tangent to a line [ (different from a1, a,, and a3).

68. Let A, B, C be three circles and let @, b, ¢ be the tangent distances of
these circles taken two at a time. Let D be a circle tangent to the common
tangents K; L, and K, L, of the circles A and B at the midpoints of the
segments K; L and K, L, (Figure 109).22 Find the tangent distance x of
the circles C and D.

FIGURE 109

69. Let A, B, C be three circles. Let D, E, F be circles tangent to
the common tangents of the pairs of circles A, B; B, C; and C, A at the
midpoints of the segments determined by the points of tangency (Figure
109).22 Show that

(a) the common tangents of the three pairs of circles C, D; A, E; and
B, F are tangent to a circle M ;

(b) the points of tangency of the common tangents of the three pairs
of circles C, D; A, E; and B, F with the circle M divide the segments of
these tangents between corresponding circles in the ratio 2:1 (beginning at
the circles C, A, and B).%3
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70. The cross ratio of four (directed) lines is defined by the expression

. ac o ad
sin 5 sin
be  obd
sin % sin 2

(compare this with the definition of the cross ratio of four points on p. 35
in NML 24). Show that an axial inversion preserves the cross ratio of four
lines (compare this with property D of an “ordinary” inversion on p. 63).

71. Find the locus of points which a given sequence of axial inversions
takes to points.

72. Circumscribe about a given circle S an n-gon whose vertices lie on n
given lines Iy, [, ..., I,.

Problem 72 is stated in another context as problem 84(b) on p. 97 in NML 24.

We will now prove a theorem which is sometimes helpful when using
axial inversions in the solution of problems.

Theorem 2. Using axial inversions it is always possible to take two
(directed) circles, or a (directed) circle and a point, to two points, or to
a point and a circle passing through it, or to two circles that differ only by
direction (compare this theorem with Theorem 2 in Section 1 on p. 22).

Proof. We saw earlier that using an axial inversion one can take two
circles with two common tangents to two points (see p. 113). Further, since
one can take any circle by an axial inversion to a point, one can take two
tangent circles (circles with a unique common tangent) by an axial inversion
to a point and a circle passing through it—for this we need only take one of
these two circles to a point. Thus it remains to show that it is possible to take
two circles without a common tangent (Figure 110) by an axial inversion to
two circles S1 and S} that differ only by direction.

If o is the central line of the required axial inversion, then o is the
radical axis of the (nondirected) circles S; and S and the radical axis of
the (nondirected) circles S» and S| (see the proof of property B of axial
inversion). This means that the power of any point of 0 with respect to S
and S] is the same as its power with respect to S, and S7. But then the
power of any point of o with respect to S; is the same as its power with
respect to S, that is, o is the radical axis of S and S».

Now let p; be a tangent to S parallel to o and p, be a tangent to S,
counterparallel to 0.>* Our axial inversion takes p; and p; to tangents p}
and p) of S| and S,. Since S| and S, differ only by direction, p| and p,
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FIGURE 110

also differ only by direction. We denote the distances (positive or negative,
according to the rule that determines the sign of the distance from a point to
a line) from the lines p, p», and p| to o by dy, d», and d. If k is the power
of the axial inversion, then?>

d_ o, od_

d d>
(see p. 105; keep in mind that p; and p), are parallel to o). Multiplying these
equalities we obtain

—k

ﬁ = k2

dy ’
that is, the square of the power of the inversion is equal to the ratio of the
distances from p; and p; to o. Also, the ratio Z—; is certainly positive (the
distances are signed!). This is so because, by assumption, S; and S, have
no common tangents, and so either they lie one within the other, and thus
on the same side of the radical axis o (Figure 110a), or they intersect and
have the same direction, which means that p; and p, lie on the same side
of the common chord o (Figure 110b).

Suppose that S; and S, are known to us. We apply an axial inversion
whose central line is their radical axis o (whose direction can be chosen
arbitrarily) and whose power is \/% , where d; and d, are defined as above.
Then the lines p; and p, go over to lines p} and p) that differ only by
direction. The circles S; and S, go over to circles S} and S’ which belong
to the pencil of circles that share with S1 and S, their radical axis o. But
two different nondirected circles cannot be tangent to a line that is parallel to
the radical axis of the pencil, that is, perpendicular to the line of centers (see
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Figures 43b, 44b, and 46b which show pencils of nonintersecting, tangent,
and intersecting circles). Hence S7 and S, differ only by direction. This
completes the proof of Theorem 2.

We note that the central line o and the directing circle ¥ of an axial
inversion that takes two given circles without common tangents to two given
circles that differ only by direction can be constructed by ruler and compass.
In fact, o is the radical axis of S; and S,. As for X, the ratio of the distances
[1 and I, from the tangents b and b’ to this circle—which are respectively
parallel and counterparallel to o—to the central line o equals the power k

of the inversion (see p. 107 and pp. 105-106). Therefore % =,/ %, that is,

5—; is equal to the ratio of the legs of the right triangle whose altitude divides
its hypotenuse into segments d; and d. This condition makes possible the
construction of ¥ (Figure 111). The central line and directing circle of an
axial inversion that takes two given circles to two points, or to a point and a
circle passing through it, can also be constructed by ruler and compass (see

pp- 111-113).

FIGURE 111

73. (a) Let Sy, S2, S3, and S4 be four given circles such that each of S
and S3 is tangent to S, and S4 (Figure 112). Show that the four common
tangents of the pairs of tangent circles pass through a point or are tangent
to a circle.

[Here it is required that an even number (0, 2, or 4) of the four pairs of
tangent circles—S; and S5, S> and S3, S3 and S4, S4 and S;—Dbe inner-
tangent and an even number of them be outer-tangent.?®]

74. Construct a circle tangent to the following given figures:
(a) aline! and two circles S and S, (or tangent to a given line / and a
circle S; and passing through a given point S»);
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FIGURE 112

(b) three circles S1, S», and S3 (or tangent to two given circles S and
S» and passing through a given point S3) (the problem of Apollonius).

See also problems 26(a) and 21(b) in Section 2.

75. Given three circles S1, S, and S3, of which S is in the interior of S5.
Construct a circle ¥ such that

(a) the tangent distance of S; and X is a, the tangent distance of S, and
¥ is b, and the tangent distance of S3 and X is ¢; a, b, and ¢ are given;

(b) the angle between S; and X is «, the angle between S5 and X is 3,
and the angle between S3 and X is y; 90° > a > B.

See also problems 27(b) and 27(a) in Section 2 (p. 37).

76. Given four circles S1, S», S3, and S4, with S in S,. Construct a circle
¥ such that the tangent distances of the four pairs of circles S and £, S»
and X, S3 and X, and S4 and X are all the same.

To emphasize the duality between ordinary inversion and axial inversion we set
down the definitions and basic properties of these transformations, as well as a
selection of corresponding theorems—some proved and some new—in pairs.

I. If m is a line passing through a fixed point L and intersecting a given circle
S in two points A and B, then the product

LA-LB
(Figure 113a) depends only on L and S and not on m (Theoren 1/, p. 101). This
product is called the power of L with respectto S.
I'. If M is a point on a fixed (directed) line / outside a given (directed) circle S
and a and b are tangents from M to S, then the product
) la t Ib
n— - tan —
s
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FIGURE 113

(Figure 113b) depends only on / and S and not on M (Theoren 1, p. 100). This
product is called the power of [ with respectto S.

II. The locus of points L whose powers with respect to two given circles S
and S7 are equal is a line o (see Section 3). This line is called the radical axis of the
two circles. If S1 and S; have common points A4 and B, then these points are on the
radical axis (Figure 114a). The radical axis of two circles can be defined as the line
such that the tangent distances from any of its points to S and Sy are equal.

St
S

(a)
FIGURE 114

II'.  All (directed) lines / whose powers with respect to two (directed) circles Sy
and S are equal pass through a point O (the reader should try to prove this). This
point is called the center of similarity of the two circles. If S and S> have common
tangents a and b, then these tangents pass through the center of similarity (Figure
114b). The center of similarity of two circles can be defined as a point such that all
lines through it form equal angles with both circles.

III. The locus of points such that the ratio of their powers with respect to two

circles S1 and S; has a constant value other than 1 is a circle (see problem 39(b) in
Section 3).27
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III'.  All (directed) lines the ratio of whose powers with respect to two directed
circles S1 and S» has a constant value other than 1 are tangent to some circle (the
reader should try to prove this).?8

IV. The radical axes of circles S, S2, and S3 taken two at a time intersect in
a point O (see, for example, Figure 115a). This point is called the radical center of
the three circles (see p. 53).

5

(b)
FIGURE 115

IV'. The centers of similarity of circles S1,S>, and S5 taken two at a time lie
on a line (see, for example, Figure 115b). This line is called the axis of similarity of
the three circles (see p. 29 in NML 21).2°

V. Aninversion with center O and power k is a transformation that takes a point
A to a point A’ such that A, A’, and O lie on a line and

0A- 04" = k.

V’. An axial inversion with central line 0 and power k is a transformation that
takes a line @ to a line @’ such that a, a’, and o intersect in a point and
5
an 2 an 28—k
2 2 '
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FIGURE 116

VL. An inversion takes a circle S to a circle S’ (see property B of inversion, p.
10). Here “circles” includes lines (“circles of infinite radius”).

VI'. An axial inversion takes a circle S to a circle S’ (see property B of axial
inversion, p. 108). Here “circles” includes points (“circles of zero radius”).

VIL. The center O of an inversion that takes a circle S to a circle S’ is the center
of similarity of S and S’ (Figure 116a; see the proof of property B of inversion, pp.
10-11).

VII'. The central line o of an axial inversion that takes a circle S to a circle S’
is the radical axis of S and S’ (Figure 116b; see the proof of property B of axial
inversion, pp. 108-111).

VIIL. Consider an inversion that takes a circle S to a circle S’. The locus of the
points of intersection of the tangents to S and S’ at points A and A’ that correspond
under the inversion is a line—the radical axis o0 of S and S’ (Figure 116a; see
problem 40(a) in Section 3).

VIII. Consider an axial inversion that takes a circle S to a circle S’. The lines
joining the points of tangency of tangents @ and a’ to S and S’ at points A and A’
that correspond under the axial inversion pass through a fixed point—the center of
similarity of S and S’ (Figure 116b; see the proof of property B of axial inversion).

IX. An inversion preserves the angle between two circles (property C of inver-
sion, p. 11).
IX’. An axial inversion preserves the tangent distance between two circles
(property C of axial inversion, p. 116).
X. An inversion preserves the cross ratio
AC AD
BC " BD
of four points A, B, C, and D (property D of inversion, p. 63).
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X',

An axial inversion preserves the cross ratio

. ac - ad
Sln2 .Sll'lz

sin ch sin Td
of four lines a, b, ¢, and d (see problem 70, p. 120).
XI.

The totality of circles any two of which have the same radical axis o is
called a pencil of circles (see p. 56). The line o is called the axis of the pencil. If two
circles of the pencil intersect at A and B, then all circles of the pencil pass through
A and B (Figure 117a).

XT'.

The totality of circles any two of which have the same center of similarity
O is called a row of circles. The point O is called the center of the row. If two circles
a and b (Figure 117b).

of the row have common tangents a and b, then all circles of the row are tangent to
XII.

The totality of circles with respect to which a given point O has the same
power is called a bundle of circles. The point O is called the center of the bundle. If
the center O lies outside a circle of the bundle, then the tangent distance between O
and each of the circles of the bundle has the same value.
XIr'.

with it.

The totality of circles with respect to which a given line o has the same
power is called a net of circles. The line o is called the central line of the net. If

the circles of the net intersect the central line o, then all of them form equal angles
XIII.
XIIT.

The circles common to two different bundles form a pencil.

The circles common to two different nets form a row.

FIGURE 117
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XIV. An inversion takes a pencil of circles to a new pencil and a bundle of
circles to a new bundle.

XIV’. An axial inversion takes a row of circles to a new row and a net of circles
to a new net.

XV. The totality of circles that intersect two given circles at the same angles
forms a bundle of circles whose center is the center of similarity of the two given
circles.30

XV’. The totality of circles whose tangent distances from two given circles are
equal forms a net of circles whose central line is the radical axis of the two given
circles.

XVI. The totality of circles that intersect three given circles at the same angles
forms a pencil of circles whose axis is the axis of similarity of the three given circles.
The centers of all circles of this pencil lie on the perpendicular dropped from the
radical center of the three circles to their axis of similarity.3°

XVI'. The totality of circles whose tangent distances from three given circles
are equal forms a row of circles whose center is the radical center of the three given
circles. The centers of all circles of this row lie on the perpendicular dropped from
the radical center of the three circles to their axis of similarity.

This collection of theorems could be greatly enlarged.

Finally, we note two theorems analogous to Theorems 1 and 2 in Section
4:

Theorem 3. Every circular transformation which is a point-to-point
transformation is a similarity.>!

Theorem 4. Every axial circular transformation which is not a similarity
can be realized by a dilatation or an axial inversion, possibly followed by a
similarity.3!

It is obvious that Theorem 3 is equivalent to Theorem 1 in Section 4. Specifically,
both theorems express the fact that every transformation of the plane that takes
points to points, lines to lines, and circles to circles is a similarity.

As for Theorem 4, its proof—which is conceptually close to that of Theorem 2 in
Section 4—is fairly complicated. We provide a sketch of this proof.

The key to the theory of circular transformations of the plane is stereographic
projection. For example, it is convenient to regard inversion as a transformation
of the plane 7 corresponding to a reflection of the sphere o to which the plane
is mapped by stereographic projection (see Section 4, pp. 74-77); from this one
can easily deduce all properties of inversion (the reader should try to do this).
All definitions of inversion which do not stress its connection with reflection in
space (the first definition on p. 5 and the second definition on p. 5) are basically
more artificial, and do not explain why this transformation plays such an important
role in the theory of circular transformations. Stereographic projection is also the
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FIGURE 118

key to the theory of cyclographic projections of Chasles-Fedorov, dual to circular
transformations. The Chasles-Fedorov transformations are defined as follows.

With every (directed) circle in the plane 7 we associate a point in space, namely,
the vertex of a right-angled cone, that is, a cone whose angle at the vertex is 90°
and whose base is the given circle (Figure 118). Depending on the clockwise or
counterclockwise direction of the circle, the cone is located above or below the
plane 7. Thus a cyclographic projection maps circles in the plane to points in three-
dimensional space. As for points in the plane, their images under a cyclographic
projection are these very points.

It is clear that the images of tangent circles are tangent cones (Figure 118). This
implies that the line / joining the (point) images of two tangent circles forms a 45°
angle with 7r. The images of circles tangent to the line / are points in the plane A

FIGURE 119
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FIGURE 120

passing through / and inclined to 7 at 45° (Figure 119).32 Therefore it is natural to
view the plane A as the image of the line / under a cyclographic projection.33

It is convenient to view the plane 7 as the coordinate plane xOy (Figure 120).
Then we can view a cyclographic projection as follows: to a circle in & whose center
has coordinates x, y and whose radius (positive or negative) is r there corresponds
in space the point with coordinates x, y, and z = r. To two tangent circles there
correspond two points (x1, ¥1,2z1) and (x32, y2, z2) in space such that the segment
joining them forms a 45° angle with 7; then the projection |z — z2| of the segment
on the z-axis is equal to its projection

\/(xl —x2)>+(y1—y2)* on =«
(Figure 121). Hence
(1 —x2)> + (1 —y2)* = (21 — 22)%,
or

(x1 —x2)% + (y1 —y2)* = (z1 —22)* = 0.

Zz

FIGURE 121
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Axial circular transformations take circles in the plane to circles. Hence a cyclo-
graphic projection associates with such a transformation a point-to-point transfor-
mation of space. Also, these transformations take lines to lines. This implies that
tangent circles (with a unique common tangent) must go over to tangent circles.
But then a cyclographic projection associates with an axial circular transformation a
transformation of space such that two points whose coordinates satisfy the relation

(x1 —=x2) + (31— »2)? (21 —22)* =0

go over to two points satisfying this very relation.

It is possible to show that a transformation of space with the property just
described can be represented as the product of transformations that preserve the
magnitude of the expression

(x1 —x2)% + (1 —y2)? = (z1 — 22)? ()

and a central similarity (dilatation) of space with center at the origin®* which
changes () in some definite way (in particular, this result is implied by our subse-
quent considerations). But it is easy to see that a cyclographic projection associates
with a central similarity of space with center at the origin a central similarity of the
plane 7. Hence the study of axial circular transformations reduces to the study of
transformations of space that preserve the expression (*), that is, transformations
which take any two points (x1, y1,21) and (x3, y2,22) in space to two points
(X}, y}.z}) and (x5, y5.z}) such that®>

(x] = x5+ (] — )% — (21 — 25)% = (x1 = x2)* + (11 — y2)* — (21 — 22)*.

Transformations that preserve (x) have much in common with isometries of
space, that is, transformations that preserve the expression

(x1 —x2)% + (y1 — y2)* + (21 — 22)? (%)

(see the footnote on p. 11 in NML 8). We will call them pseudoisometries. One
might call the study of the properties of figures in space preserved under pseudo-
isometries of space pseudogeometry (or—to use the more popular term—pseudo-
Euclidean geometry). Pseudogeometry plays a very important role in modern
physics (more specifically, in the theory of relativity). This geometry has much
in common with ordinary school geometry. The pseudogeometric analogue of the
distance between two points (x1, y1,z1) and (x2, y2, z2) in space is the expression

\/(xl —x2)2 4+ (y1 — y2)% — (21 — 22)?

which can take on complex values. Analogously to Euclidean geometry, two seg-
ments AC and BC are said to be pseudoperpendicular if the theorem of Pythagoras
holds for the triangle ABC, that is, if the square of the pseudodistance AB is
equal to the sum of the squares of the pseudodistances AC and BC.3® Also,
from every point one can drop a pseudoperpendicular to every plane (that is, a line
pseudoperpendicular to all lines in the plane), and two pseudoperpendiculars to the
same plane are parallel (in the ordinary sense of the term: parallelism of lines and
planes in pseudogeometry has the same meaning as in Euclidean geometry), and so
on.37
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We will be concerned with the notion of pseudoreflection in a plane. We will
say of two points 4 and A’ in space that they are pseudoreflections of one another
with respect to a plane « if the segment AA’ is pseudoperpendicular to a and is
halved by it (in the sense that the pseudodistances AP and AP’, where P is the
point of intersection of A4’ and «, are equal; incidentally, pseudoequal segments
are equal in the ordinary sense of the (latter) term). It is easy to show that, under a
pseudoreflectionin , a plane A that forms with the initial plane w a 45° angle goes
over to a plane M that also forms with  a 45° angle and intersects a in the same
line | as A (Figure 122a;38 this can be taken as a definition of a pseudoreflection
in a, for it enables us to determine the image A’ of a point A in space under
this transformation (Figure 122b; here the two cones with vertices A and A’ are
such that all planes tangent to these cones form a 45° angle with 7; in other
words, the generators of these cones form 45° angles with 7). It is easy to see that
pseudoreflections are a special case of pseudoisometries, that is, that they preserve
the pseudodistance between points.3® One can also show that two planes which
can be taken to one another by a pseudoisometry can be taken to one another by a
pseudoreflection in a suitably chosen plane.*?

After all these preliminaries we can go over to the proof of Theorem 4. A cyclo-
graphic projection associates with every axial circular transformation A which takes

(b)
FIGURE 122
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(b)
FIGURE 123

circles in 7 to circles a point-to-point transformation A that takes every plane A
which forms a 45° angle with 7 to another such plane (in virtue of the cyclographic
projection these planes correspond to the lines in 7). We now show that A takes
every plane in space to another plane (and is therefore an affine transformation
of space). Through every line in space that forms with 7 an angle smaller than 45°
one can pass two planes that form with 7 a 45° angle (Figure 123a). It follows that
A takes such a line to another such line (two planes that form 45° angles with &
go over to two new planes, and their line of intersection goes over to the line of
intersection of their image planes). Let  be an arbitrary plane. We choose in u two
lines /1 and /» that form with 7 angles smaller than 45° (we can find arbitrarily
many such lines in every plane; we can choose such lines that form with & “zero”
angles, that is, lines parallel to ) and consider all lines that intersect /; and /, and
form with 7 angles smaller than 45° (the lines shown in Figure 123b are parallel
to one another and intersect /1 and /,—it suffices to consider just such lines). The
transformation A takes /1 and /5 to new lines /{ and [}, and lines intersecting /1 and
I to lines intersecting /] and I5; this implies that A takes the plane u covered by
the former lines to a new plane p’ (determined by /1 and 15).

We note that if A takes 7 to itself, then there corresponds to it a similarity of
7. In fact, the cyclographic projection associates with points of space in 7 points
(“circles of zero radius™) in 7; it follows that if A takes points in 7 to points in 7,
then the axial circular transformation A must take points to points, that is, it must
be a similarity (see Theorem 3).

Now suppose that A does not fix 7, and let 771 be the plane that A takes to 7. We
consider two cases.
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1°. The plane 71 is parallel to 7. Let P be the translation of space in the
direction of the z-axis (perpendicular to 7 and 1) that takes mp to 7 Pisa
pseudoisometry that takes 71 to 7. Further, let A be a transformation of space
such that A is representable as a product of P and A (see pp. 73-77). Clearly, Ay
fixes 7 (for A and P take 71 to 7). It follows that the axial circular transformation
A1 of 7 that corresponds to the transformation A1 of space is a similarity. Clearly,
to the transformation P of space there corresponds a dilatation P of s. In fact,
P takes a point (x, y, z) in space to a point (x, y, z + a), where a is the distance
between v and 1. It follows that P takes the circle with center (x, y) and (positive
or negative) radius r to the circle with the same center and radius r + a. Since A is
the product of P and Ay, it follows that the initial axial circular transformation A
is the product of the dilatation P and the similarity Aq.

2°. The plane 71 is not parallel to 7. Let © be the pseudoreflection that takes 7q
to 7,*2 and A a transformation such that A is the product of Q and A . Clearly,
A fixes 7. Hence to A there corresponds a similarity A of the plane. We show
that to the pseudoreflection Q there corresponds an axial inversion . This will
complete the proof of Theorem 4.

Let o be the line of intersection of 71 and &. Clearly, o also passes through o.
Hence Q (and the axial circular transformation €2 that corresponds to it) fixes every
point on o. Further, let S be a point in the plane o and let S be the circle whose
image under the cyclographic projection is S (Figure 124). The transformation &
takes every plane A passing through S and inclined to 7 at 45° to a plane A’ that is
likewise inclined to 7 at 45° and intersects « in the same line as A (see Figure 122a).
It follows that A’ also passes through S and intersects o at the same point M as A.
This implies that Q takes every line / tangent to the circle S to a line I’ likewise
tangent to S and intersecting o at the same point M as A (Figure 124). Since, in
addition, 2 takes parallel lines to parallel lines (for Q takes planes inclined to 7
at 45° and parallel to one another—that is, planes that intersect o along parallel
lines—to parallel planes), it follows that €2 is an axial inversion with central line o
and directing circle S (see the definition on p. 105).

FIGURE 124
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Notes to Section 5

1 Some of the circles S;, S», S3, and S4 can be points.

2 The bisector of the angle formed by two directed lines can be defined
as the (directed) line that forms equal angles with both sides of the angle,
or as the locus of points whose distances from the sides of the angle are
equal (in magnitude and sign). These two definitions do not coincide. Here
we use the term “angle bisector” in the sense of the first definition, whereas
in Theorem V' (p. 96) we use it in the sense of the second definition.

3 Here is another important example of the same kind: if one can draw
two (directed) rangents m and n to a directed circle S, and if M and N
are points of S on these tangents, then the segments AM and AN have the
same magnitudes and opposite directions (Figure 86a). Similarly, if a line
a intersects a circle S in points M and N and m and n are tangent to S
at these points, then the angles between a and m and a and n are equal in
magnitude and opposite in direction (Figure 86b).

m

(a) @ (b)
FIGURE 86

4 Using the earlier analogy between the basic properties of points and
directed lines one can assert without proof the validity of one of two
corresponding propositions from the validity of the other (see the discussion
of the “principle of duality” in the projective plane on pp. 77-78 in NML
24). We will not discuss this issue in greater detail.

5 Here we again use the analogy between distances and angles encoun-
tered in Note 4.
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® The reasons why it is convenient to assume that the principle of duality
associates directed lines with points are discussed in the text in fine print on
p. 94f.

7 We note that if one views a dilatation as an axial transformation, then
there is no need to state in the definition of a dilatation to what figures it
takes circles (an axial transformation is fully determined by stating to what
line this transformation takes an arbitrary line). From our new viewpoint,
the fact that a dilatation takes a circle to a circle implies that a dilatation
takes all lines tangent to a circle S to tangents of its image circle S’. This
fact is a consequence of the rule which defines the effect of a dilatation on
lines.

8 In the literature these transformations are usually referred to as La-
guerre transformations. (Laguerre was a famous French mathematician who
first investigated these transformations.)

° To avoid misunderstandings it is vital to stress that the content of
this section suggests the principle of duality but that this principle is not
deducible from it. Hence an argument such as, say, the following: “point-
to-point circular transformations preserve the angle between circles and
therefore axial circular transformations should preserve the tangent distance
between two circles, a concept that corresponds to the concept of an angle
under the principle of duality” is, of course, completely unfounded. We
know certain properties of polarities and we based the principle of duality
on them (see Section 4 in NML 24), but these properties provide no basis
for such a conclusion. In order to use the principle of duality to deduce the
properties of axial circular transformations from the properties of point-
to-point circular transformations it would be necessary to develop this
principle far more extensively than we have done in this book; in fact, for
this we would have to write a book the size of this book.

10 We will denote the angle between directed lines a and b by ab.

1 It is easy to verify that (x) holds for other choices of M on [/ (see the
dotted lines in Figures 90a and 90b).

If the circle S has a negative direction, or O lies to the right of I, or
botlLof thesg conditions hold at the same time, then the value of the product
tan 17“ - tan % will also equal |%|, where r is the radius of the directed
circle S (and can be positive or negative; see p. 86) and d is the distance
from O to the directed line / (which can also be positive or negative; see p.
88). The reader should investigate all possible cases.
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12 1t is well known that if a point L lies outside a circle S, then its power
with respect to S is equal to the square of the tangent distance between L
and S. Similarly, if a directed line [ intersects a directed circle S, then its
power with respect to S is equal to the square of the tangent of half the
angle between | and S; for proof it suffices to take as the point M in Figure
90a the point of intersection of / and S

13 The product LA - L B (the power of L with respect to S) is | D? —r?|,
where r is the radius of S and D is the distance between L and the center
O of S. Hence the product

. la t b . D2 — 2 D—r
_— n— 1 =
an 5 a 5 S equal to (D+r)2 D+r

Since D = rd—z, where d is the distance of / from O (see problem 51 on p.

70 of NML 24), | 57%| = | 254 (see p. 100).

14 1n other words, at the point of intersection of a, a’, and o, the arrows
on a and a’ are directed to one side of o.

15 That is, parallel to o and oppositely directed.

16 1If ko and [y are parallel, then o passes through the center of X. In
that case the axial inversion reduces to a reflection in o with a subsequent
change of the directions of all lines, and property B is obvious.

17 The reader should try to modify the proof so that it becomes applicable
to an axial inversion with negative power.

18 In general, three nondirected circles have four axes of similarity. Three
directed circles have a unique axis of similarity (see p. 94, in particular,
Figure 85).

19 The difference between an “ordinary” inversion and an axial inversion
comes to the fore here. The case when an inversion takes three circles to
three lines is a rare exception (for this to occur the three circles must be
concurrent). In contradistinction to this, it is very often possible to take
three circles to three points by an axial inversion (the case when the axis of
similarity does not intersect these circles cannot be viewed as an exception;
roughly speaking, this case occurs “just as often” as the opposite case).

20 To make this argument independent of figures we must use the notion
of directed line segments (compare this with the first footnote on p. 80 in
NML 8).
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21 In problems 67—-69 common tangents of circles must be chosen so that
one can view them as directed segments of directed circles (regardless of
the choice of direction on the circles).

For example, in problem 67(a) we must require a; and a, to be “same-
name” common tangents of S; and S, (both must be inner or both outer).
Similarly, b; and b, ¢; and ¢, and d; and d; must be “same-name”
tangents. Also, one must see to it that among the four pairs of common
tangents—ay, az; by, ba; c1, c2; and dy, d,—the number of pairs of inner
tangents is even: zero (see Figure 107a), two, or four. But even if both of
these conditions are satisfied it is not certain that the problem is well posed.
A third requirement is that the circles Sy, S»2, S3, and Sy are so directed that
their directed tangents a1, b1, c1, and d; are tangent to a single directed
circle 3. (It is clear that such a choice of directions on the circles Sy, S5,
S3, and S4 in Figure 108 is impossible. In this figure a,, b3, ¢z, and d, are
not tangent to any circle.)

L Ned,
NG .

FIGURE 108

22 See Note 21.

23 There is an obvious analogy between the content of this problem and
the properties of the medians of a triangle. In this connection see p. 161.

24 See Note 15.

25 Here there is a minus sign on the right side. This is so because, if k is
positive, then the initial line and the transformed line lie on different sides
of o (see pp. 105-106).

26 This condition secures the possibility of viewing the circles Sy, S», S,
and Sy as directed, and takes into consideration the conditions of tangency
of directed circles.

27 This circle belongs to the pencil of circles determined by S; and S,
(see proposition XI on p. 127).
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28 This circle belongs to the row of circles determined by S; and S, (see
proposition XI' on p. 127).

29 This proposition can be proved in a manner entirely analogous to the
proof of the theorem on radical axes (see p. 53). From this we obtain a new
proof of the theorem on three centers of similarity (if the figures F', F;, and
F’ considered in this theorem are not circles, then to carry out the proof
it suffices to circumscribe about three corresponding points A, A1, and A’
of these figures circles such that the ratios of their radii are equal to the
coefficients of similarity of these figures).

30 Here we must consider directed circles; the angle between directed
circles is uniquely determined as the angle between their directed tangents
at a point of intersection of these circles. The totality of circles that intersect
two nondirected circles at equal angles consists of two bundles with centers
at the two centers of similarity of the circles; the totality of circles that
intersect three nondirected circles at equal angles consists of four pencils
whose axes are the four axes of similarity of the circles.

31 Here, and in all questions involving directed circles and lines, by a
similarity we mean a direct or opposite similarity (see Section 2 in NML
21), possibly followed by a reversal of the directions of all lines and circles.

32 To bring A into coincidence with 7 we must rotate it counterclockwise
through 45°—we are looking in the direction determined by the directed
line / in Figure 119. This condition determines one of the two planes that
intersect 7 along / and form with 7 a 45° angle.

33 The reader may at first be baffled by the fact that, in questions dual
to one another, analogous roles are played by stereographic projection and
cyclographic projection, two seemingly radically different transformations:
the first takes points in a plane to points on a sphere and the second takes
circles in a plane to points in space. This is easy to clarify. Stereographic
projection can be viewed as a transformation that takes circles in a plane
to circles on a sphere, or—and this is the same thing—as a transformation
that takes circles in a plane to planes in space containing those circles.
Stereographic projection takes points in a plane to certain points in space,
namely, points on the sphere o. The duality principle in space sets up a
correspondence between points and planes (which is analogous to the fact
that in a plane it sets up a correspondence between points and lines). It is
therefore natural that in the dual theory the role of stereographic projection
is played by a projection that takes circles in a plane to points in space,
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and lines in a plane to certain planes in space, that is, by cyclographic
projection.
34 See the second footnote on p. 30 in NML 21.

35 A cyclographic projection associates with such transformations axial
circular transformations, which preserve the tangent distance between cir-
cles. Indeed, if

(x1—x2)% + (1 =) — (21 —22)* =d* > 0,

then d is the tangent distance between circles in the plane & to which there
correspond the points (x1, y1, z1) and (x2, y2, z2) in space (see the formula
(x) on p. 90).

36 If OA and OB are two perpendicular segments in space—in the ordi-
nary sense of the term—and (x1, y1, z1) and (x2, y2, z2) are the coordinates
of A and B, then the theorem of Pythagoras,

OA* + OB? = AB?,

implies that
T+ yi+2D+ 03 +y5+23) = (x1—x2)* + (1 —»2)> + (21 —22)%,
or

X1X2 + y1y2 + 2122 = 05
the latter equality can also be used as a condition of perpendicularity.
Analogously, the pseudogeometric version of the theorem of Pythagoras
implies that two segments OA and OB are pseudoperpendicular if and only
if

X1X2 + y1¥2 — 2122 =0
(here (x1, ¥1, z1) and (X3, y2, Z2) are the coordinates of A and B and O is

the origin); this equality can be taken as a definition of pseudoperpendicu-
larity of the segments OA and OB.

37 The equation of a plane « in space can be written as
Ax+ By +Cz = D.

From what was said in Note 36, it is easy to deduce that all lines symmetric
with respect to IT to an ordinary perpendicular to «, that is, lines parallel to
the segment OA, where O is the origin and A has coordinates (4, B, —C)—
and only these lines—are pseudoperpendicular to «; all our assertions
follow from this.
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38 In other words, any line m, pseudoperpendicular to o (see, for ex-
ample, Note 37), intersects A, o, and A" in points A, P, and P’ such that
AP = AP’ (here the equality of segments can be viewed as equality in the
ordinary sense or in the sense of pseudogeometry).

39 Compare this with the proof of the fact that a reflection of a plane in
a line is an isometry, that is, it does not change the length of segments (see
Section 1, Chapter II of NML 8).

40 Obviously, a plane 4 that forms with 7 an angle smaller than 45° does
not contain lines inclined to 7 at 45° (lines such that the pseudodistance of
any two of their points is zero), and a plane v that forms with 7 an angle
not smaller than 45° does contain such lines. Hence no pseudoisometry can
take u to v.

Further, we noted already that any two planes that form 45° angles with
7 are pseudosymmetric with respect to any plane passing through their line
of intersection. Now let ;; and p, be two planes forming with 7 angles
smaller than (or larger than) 45°. Let OM; and OM,; be segments of equal
length pseudoperpendicular to 41 and ps, that is, such that A2 + B? —
C? = A% + B3 — C3, where (A1, B1,—C1) and (A, By, —C3) are the
coordinates of M, and M, (see Note 37; if p; formed with 7 an angle
greater than 45° and u, an angle smaller than 45°, than the pseudolength
of OM; would be real and that of OM;, would be imaginary). In that
case i1 and w, are pseudosymmetric with respect to the plane o passing
through the line of intersection of w; and u, and pseudoperpendicular to
the “vector sum” OA of OM; and OM,, that is, the segment joining O to
A(A1 + Az, B1 + By, —C1 — ().

41 The properties of translations in space are analogous to properties of
translations in the plane.

42 The plane r; must form with 7z an angle smaller than 45°. Otherwise
71 would contain points that lie on a line inclined to 7 at 45° that A cannot
take to points in 7 (this is so because the axial circular transformation A
cannot take tangent circles to points). It follows that 7 can be obtained
from 71 by a pseudoreflection in some plane o (see Note 40).






Supplement

Non-Euclidean Geometry of Lobachevski-Bolyai,
or Hyperbolic Geometry

Second account

(The first account is found on pp. 103—135 of NML 24 and is known as the
Klein model of hyperbolic geometry. The present account is known as the
Poincaré model of hyperbolic geometry.)

Let K be a disk in the plane. We consider all circular transformations
of the plane (see pp. 72-74) that take K to itself. We call the points of K
the points of hyperbolic geometry and these circular transformations—non-
Euclidean motions. We will call the geometry concerned with the properties
of figures preserved by non-Euclidean motions hyperbolic geometry (cf.
NML 24, p. 104).!

It is easy to see that given any point A of hyperbolic geometry (that is,
any interior point of K) there is a non-Euclidean motion which takes it to
any other such point. For example, in order to take A to the center O of K
we erect at A the perpendicular to OA and denote by M and N the points in
which it intersects X, the boundary of K. If R is the point of intersection of
the tangents to X at M and N (Figure 125), then, in view of the similarity of
the triangles ROM and RM A, we have % = %, or RO-RA = RM?.
Hence the inversion with center R and power RM? (which takes K to itself
and is therefore a non-Euclidean motion) takes A to O (and O to A). If we
wish to take A to a point A’ different from O, then we need only take A
to O and O to A’ (by the very same non-Euclidean motion which takes A’
to 0).

143
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FIGURE 125

Now we define non-Euclidean lines. It is obvious that if we expect non-
Euclidean motions to take lines to lines, then we must not call ordinary lines
non-Euclidean lines—after all, as a rule, circular transformations take lines
to circles. Suppose we defined as non-Euclidean lines all arcs of circles
(and segments of lines) intersecting K. Then motions would take “lines”
to “lines” but, given any two points, there would be a great many “lines”
passing through these points, and this would go against our expectations.
This being so, it is natural to call “lines” only some of the circles and
lines intersecting K. Likewise, it is natural to require that a non-Euclidean
motion should take the totality of these circles and lines to itself, and that
just one “line” should go through any two interior points of K. Both of
these requirements are satisfied by the circles (and lines) perpendicular to
the circle X. In fact, any non-Euclidean motion takes such a circle or line
to another such circle or line (see property C of inversion on p. 11 and
the remark about circular transformations on p. 72). On the other hand, all
circles (and lines) perpendicular to ¥ and passing through a definite point A
pass through the point A symmetric to A with respect to X (compare Figure
126 with Figure 6 on p. 4), that is, they form a pencil of intersecting circles.
But there is exactly one circle of such a pencil that passes through a point

FIGURE 126
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B other than 4 and A (there is exactly one circle or line passing through
three points A, B, and A; see also Section 3, p. 45). Thus in hyperbolic
geometry there is exactly one circle passing through any two points A and
B and perpendicular to X. Also, Figure 126 makes it clear that in any given
direction at A there is exactly one circle perpendicular to ¥ that passes
through A in that direction. We therefore agree to call arcs of circles (and
segments of lines?) perpendicular to ¥ and contained in the interior of K
lines of hyperbolic geometry; in particular, the non-Euclidean lines through
the center O of K are the diameters of K.

In hyperbolic geometry we define a ray issuing from a point A as an arc
perpendicular to X, passing through A, and bounded by A and X. It is easy
to see that given a ray AP and a ray A’ P’ there is a non-Euclidean motion
which takes AP to A’ P’. In fact, let £; be a motion that takes A to the
center O of K and the ray AP to some ray OQ (Figure 127), and let E, be
a motion that takes O to A’ and the ray OQ’ to the ray A’ P’ (see p. 143).
Then the product of the three motions: E1, the rotation C about O through
the angle Q’0Q, and E», take the ray AP to the ray A’ P’ (see pp. 104—105
in NML 24).

FIGURE 127

Next we define the terms distance between two points and angle between
two lines in hyperbolic geometry. The latter is the simpler one of the
two terms. Since circular transformations preserve angles between circles
(see property C of inversion on p. 11 and the remark on p. 72), we can
define the non-Euclidean angle between two hyperbolic lines PQ and M N
which intersect in a point A to be the ordinary (Euclidean) angle between
the circles PAQ and NAM (Figure 128a). It follows that in hyperbolic
geometry, just as in ordinary (Euclidean) geometry, all full angles about
a point are equal, and so too are all straight angles; specifically, a full
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(a)

FIGURE 128

angle is 360° and a straight angle is 180°. Also, a right angle (equal to its
adjacent angle) is 90°, and so on. Two non-Euclidean lines PQ and M N
are perpendicular in the sense of non-Euclidean geometry (that is, form a
right angle) if and only if the circles PQ and M N are perpendicular in the
ordinary sense of the term (Figure 128b). From the viewpoint of Euclidean
geometry, the totality of all non-Euclidean lines perpendicular to a given
line PQ is the pencil of circles perpendicular to the two intersecting circles
PQ and X (see Section 3, p. 45f.). Since through each point in the plane
there passes just one circle of this pencil, it follows that from each point A of
hyperbolic geometry one can drop a unique (non-Euclidean) perpendicular
to a hyperbolic line PQ.

Now we deal with the definition of distance between two points in
hyperbolic geometry. We can proceed in much the same way as we did in the
Supplement in NML 24 (see pp. 104—107). Specifically, in view of property
D of inversion (p. 63; see also the remark on p. 72), circular transformations
preserve the cross ratio of four points. We use this fact as follows. Suppose
that a non-Euclidean motion takes points A and B to points A’ and B’, and
that the non-Euclidean lines AB and A’ B’ intersect the circle X at points
P, Q and P’, Q' respectively (Figure 129). Then

AP AQ AP AQ

BP BQ B'P BQ

On the other hand, if A, B, and C are three successive points on a non-
Euclidean line that intersects ¥ at P and Q, then, clearly,

AP AQ BP BQ\ (AP AQ
(E’E)X(C_P’@)_(C_P'@)‘
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gl’
FIGURE 129
Hence, if we put
AP AQ
1 — : — | =dus,
Og(BP BQ) AB ()

then we obtain the equality
dap +dpc =dac,

a relation which we expect to hold for a measure of length of segments.
It therefore makes sense to call the number d4p defined by (x) the non-
Euclidean length of the segment AB (or the non-Euclidean distance be-
tween the points A and B).

If the point B on the non-Euclidean line PQ tends to P (Figure 129),
then the cross ratio % : % tends to infinity. This implies that in hyperbolic
geometry the length of a ray AP (and of a whole line PQ) is infinite,
although the line PAQ is represented by a finite arc of a circle. We can
prove this in a purely geometric way. We consider the totality of non-
Euclidean lines perpendicular to the given line PQ. From a Euclidean
viewpoint, this is a pencil of circles perpendicular to the intersecting circles
Y and PAQ. Let S; be the circle of the pencil passing through B and let
0 be its center (Figure 130). Since ¥ is perpendicular to Sy, the reflection
in Sy takes X to itself, and therefore leaves K as a whole fixed. This means
that this reflection is a non-Euclidean motion. Since the circle PAQ is
also perpendicular to S;, our inversion takes it to itself as well. Hence our
inversion takes A to the second point B of intersection of the line O;A
and the circle PAQ. Since the segments AB and BB, are interchanged by
a non-Euclidean motion, their non-Euclidean lengths are the same: d4p =
dpp, - In much the same way we obtain the equalities

dap = dpp, = dp,B, =dB,B; =+ =dB,_,B,:
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FIGURE 130

where B, is the point of intersection of PAQ with the line O, B joining B
to the center O, of the circle of the pencil passing through Bj; B3 is the
point of intersection of PAQ with the line O3B, joining B; to the center
O3 of the circle of the pencil passing through B;; and so on. This implies
that if A is any point on a non-Euclidean line PAQ, then we can lay off any
segment on it as many times as we wish without ever reaching its end Q.
What we have said so far shows how close hyperbolic geometry is to
Euclidean geometry. In both geometries two points determine a unique line;
a point and a ray issuing from it can be taken by a motion to any other point
and any other ray issuing from it; on a given line we can lay off at any point
in either direction a segment of arbitrary length (this is due to the infinite
length of a ray); at any given point, beginning at any line through that point,
we can lay off any given angle in either (clockwise or counterclockwise)
direction, and so on. That is why all theorems of Euclidean geometry based
on these very simple propositions carry over to hyperbolic geometry. This
is true of the congruence tests for triangles, of theorems in which one
compares the lengths of oblique and perpendicular line segments, of the fact
that the angle bisectors in a triangle are concurrent, and so on (cf. pp. 115—
117 of the Supplement in NML 24). The key difference between the two
geometries is that the parallel axiom does not hold in hyperbolic geometry.
In fact, it is easy to see that among the non-Euclidean lines passing through
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FIGURE 131

a point A not on a line PQ there are infinitely many that intersect it (such a
line is the line RS in Figure 131) and infinitely many that do not intersect it
(are ultraparallel to PQ; one such line is the line M N in Figure 131). The
two classes of lines are separated by the two lines UP and VQ said to be
parallel to PQ (cf. pp. 118 and 119 in NML 24).

77. Prove the following theorem of hyperbolic geometry: The angle
bisectors in a triangle are concurrent. State the Euclidean version of this
theorem.

78. Prove the following theorem of hyperbolic geometry: If the base an-
gles in a triangle are equal then the triangle is isosceles. State the Euclidean
version of this theorem.

79.(a) Let PQ and RS be two hyperbolic lines that intersect in a point
B. Show that the distances from the points of RS to PQ (that s, the lengths
of the perpendiculars dropped from the points of RS to PQ) increase
beyond all bounds on both sides of B. Also, the feet of the perpendiculars
dropped from the points of RS to PQ cover just a finite segment P; Q1
and the perpendiculars erected at P; and Q; are parallel to RS (see Figure
132a and the schematic Figure 115a on p. 120 in NML 24).

(b) Let PQ and RS be two parallel hyperbolic lines. Show that the
distances from the points of UP to PQ decrease beyond all bounds in the
direction of the ray AP (A is any point on UP) and increase beyond all
bounds in the direction of the ray AU . The projection of UP to PQ is the
ray Q1 P, and the perpendicular to PQ erected at Q; is parallel to UP (see
Figure 132b and the schematic Figure 115b on p. 120 in NML 24).

(c) Show that the two ultraparallel hyperbolic lines PQ and M N have
a unique common perpendicular K L, and that, conversely, two hyperbolic
lines with a common perpendicular are ultraparallel. The distances from
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(b) (c)
FIGURE 132

M N to PQ increase beyond all bounds on both sides of the foot K of their
common perpendicular. The projection of M N to PQ is the finite segment
P10, of PQ, and the perpendiculars to PQ erected at P; and Q; are
parallel to M N (see Figure 132¢ and the schematic Figure 115¢ on p. 120
in NML 24).

80. Show that in an acute hyperbolic triangle the altitudes are concur-
rent. Does this theorem hold for an obtuse-angled triangle?

81. Show that the sum of the angles in a hyperbolic triangle is less than
180°.

82. Show that two hyperbolic triangles with pairwise equal angles are
congruent (that is, can be taken to one another by a hyperbolic motion).

Consider a pencil IT; of hyperbolic lines concurrent at A; in the Eu-
clidean sense, this is the pencil of circles passing through A and A (compare
Figures 133a and 6). Let TI; be the pencil of circles perpendicular to
the pencil IT; (see Section 3, p. 45); this is a pencil of nonintersecting
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“ordinary” circles that includes X. A reflection in a circle S of the pencil
IT; takes K to itself and is therefore a hyperbolic motion—a hyperbolic
reflection in the line S (see pp. 125-126 in NML 24). Such a reflection
takes a circle S of the pencil TI; to itself; it follows that the product of
reflections in two circles S and S5 of I1; is a hyperbolic rotation about A
(see pp. 126—127 in NML 24)—it takes S to itself. The fact that any rotation
about A takes all circles in the pencil T1; to themselves implies that they are
all hyperbolic circles centered at A, that is, loci of points equidistant (in the
sense of hyperbolic geometry) from A. It follows that hyperbolic circles are
ordinary (Euclidean) circles that do not intersect X; conversely, a circle S
in the interior of ¥ is a hyperbolic circle.?

(a) Ss o

FIGURE 133

Now let IT, be a pencil of hyperbolic ultraparallels; this is a pencil of
“ordinary” circles perpendicular to two intersecting (in fact, mutually per-
pendicular) circles PQ and X (Figure 133b). Let IT, be the pencil of circles
perpendicular to IT5; this is a pencil of intersecting circles which includes
PQ and X. A reflection in a circle S of I1,—a hyperbolic reflection in the
line S—takes all circles of T, to themselves. It follows that the product
of two reflections in circles S; and S, of IT1,—a hyperbolic translation
along the line PO (see pp. 127-128 in NML 24)—takes all circles of
I, to themselves. Hence every circle S of I1, other than ¥ and PQ is
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a hyperbolic equidistant curve—briefly, an equidistant—with axis P Q, that
is, the locus of points equidistant (in the sense of hyperbolic geometry)
from PQ (see p. 128 in NML 24). Thus hyperbolic equidistants are circles
intersecting X; conversely, a circle S intersecting X is an equidistant whose
axis is the hyperbolic line passing through the points of intersection of S
and X.

! ‘\\ i |‘
v . H
) . T [}
‘ A ’/ ' ~ —_1.__.-—-...
P AN % 1}
H = ‘f{ Nar T |
- Py ~ ]
A SN \
\ I /(\ ,\4—"_""'--.\ SN e ’
\ A U ST e
A\ i /“\ 1 S [t
e N o N ol
. prT— | &,
A (N AU AN I
3 i T Gl W b, S 1 ! A
F o VO T Y - o B W [ O
4 \\ ‘\ [N /;( A “ : ! £ \
! ST N \
! PN | i !
i Ly b T
e S S ) ;
| T~ i }
\ X ZINA !
) £ S I
\ i S, /
, . \ N s
LY ) N s
\)" Ir 1 \\ ,’
¥ "“"--.._1__. 1 L
] | R Sy
;| N
1 Py
LY f 1
] \ & . J '
! X / ~
..m_’_ R ! Fa / """'-. “ -
, 7 e
: e e
~. -~
‘ / ~h e |
(b)

Finally, let IT5 be a pencil of hyperbolic parallel lines, that is, a pencil of
tangent circles perpendicular to X, and T3 the pencil of circles tangent to X
and perpendicular to T3 (Figure 133c). A reflection in a circle S of [13 —a
hyperbolic reflection in the line S—takes all circles of I13 to themselves.
Hence these circles are limit lines of hyperbolic geometry or horocycles
(see p. 129 in NML 24). Thus horocycles are circles tangent to X.

Circles, equidistants, and horocycles, as well as hyperbolic lines, are
sometimes called cycles of hyperbolic geometry. The angle between two
cycles S; and S is defined as the angle between the two Euclidean circles
S1 and S5. Cycles S; and S, are said to be tangent if the Euclidean circles
S1 and S, are tangent in the usual sense of the term.

83. Show that one can circumscribe a unique cycle (circle, equidistant,
or horocycle) about any hyperbolic triangle.
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(c)
FIGURE 133

84. Let A, B,C, and D be four nonconcyclic hyperbolic points, and
let S1, 52,83, and S4 be the cycles circumscribed about the triangles
ABC,ABD, ACD, and BCD. Show that

(a) if two of the cycles intersect in a point P different from A, B, C,
and D, then all four cycles pass through P;

(b) the angles between any two of the cycles S, Sz, S3, and S4 are
equal to the angles between any other two of them.

85. Let S be a hyperbolic cycle and let A and B be two points of S.
Draw all possible pairs of cycles S; and S, tangent to S at A and B and
tangent to one another. Show that the locus of the points of tangency of
these pairs of cycles is a cycle S.

86. Let Sy, S5, S3, and S4 be four hyperbolic cycles such that S is
tangent to Sy, S> to S3, S3to S4, and S4 to S;. Show that the four points
of tangency are concyclic.

87. The totality of hyperbolic cycles perpendicular to two given cycles
S1 and S is called a pencil of cycles. List all possible types of hyperbolic
pencils of cycles. Show that if IT is a pencil of cycles, then there are
infinitely many cycles perpendicular to all cycles of IT; these cycles form a
new pencil IT said to be perpendicular to TT.

88. Let S; and S, be two hyperbolic cycles. Show that if there are
circles perpendicular to S; and S;, then their centers lie on a line [ (see
the schematic Figure 134; here S is a circle and S is an equidistant). The
line [ is called the radical axis of S; and S,. If S; and S5 intersect one
another, then their radical axis is their common chord.



154 Circular Transformations

FIGURE 134

89.(a) Show thatif two hyperbolic cycles perpendicular to a third cycle
S and passing through a point A intersect in yet another point A’, then all
cycles perpendicular to S and passing through A pass through A’. The point
A’ is said to be symmetric to A with respect to S.

(b) The transformation that takes a hyperbolic point A to a point A’
symmetric to A with respect to a cycle S is called a reflection in S. Show
that a reflection in S takes cycles to cycles and preserves angles between
cycles.

In the Supplement in NML 24 we noted that in addition to hyperbolic geometry
there are other non-Euclidean geometries. One such is the so-called elliptic geome-
try.

We return for a moment to hyperbolic geometry. In our account of this geometry
a key role was played by the circles perpendicular to a fixed circle £ (in Section
3 we called this set a hyperbolic bundle of circles; see the text in fine print on p.
56); we took these circles as the lines of hyperbolic geometry. If such a line passes
through a point A, then it it also passes through the point A", symmetric to A with
respect to 3; hence we can view A and A’ as one and the same hyperbolic point.
This is equivalent to eliminating the points of the plane in the exterior of ¥ and
constructing hyperbolic geometry in the interior of ¥ (of course, one could have
done the opposite, that is, one could have considered only the exterior of ¥—an
approach that would have required replacing all figures in this Supplement by their
reflections in X). We called a reflection in a circle S perpendicular to £ a non-
Euclidean reflection in the line S; here the essential thing is that such a reflection
takes “hyperbolic lines” to “hyperbolic lines.” Further, hyperbolic motions can be
defined as all possible products of reflections (cf. pp. 125-126 of the Supplement in
NML 24), and hyperbolic geometry can be viewed as the study of the properties of
figures preserved by hyperbolic motions defined in this way.
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Now we consider the totality of circles intersecting a fixed circle X in diametri-
cally opposite points (in Section 3 we called this set an elliptic bundle). The totality
of these circles which pass through a definite point A is a pencil of intersecting
circles; the second point 4 of intersection of the circles of this pencil is obtained
from A by the inversion with center O and power —R2, where O is the center
of ¥ and R is its radius (compare Figure 135 with Figure 9b on p. 7). It follows
that through every point in the plane, in any direction at that point, there passes
just one such circle, and that any two points, not obtainable from one another by
an inversion with center O and power —R?2, can be joined by just one such circle.
We will call the circles intersecting ¥ in diametrically opposite points, as well as
¥ itself, lines of elliptic geometry and view points A and A, obtained from one
another by the inversion with center O and power —R?, as the same point of elliptic
geometry. In other words, the points of elliptic geometry are all points in the interior
of ¥ and half the points of . (Two diametrically opposite points of ¥ are obtained
from one another by the inversion with center O and power —R?, and thus must be
identified. This being so, only one of the two semicircles of X, and only one of the
two endpoints of that semicircle, belong to elliptic geometry.)

FIGURE 135

We will call a reflection in a Euclidean circle S a reflection in the line S of elliptic
geometry. We will show that such a reflection takes elliptic lines to elliptic lines. In
fact, let S1 be an elliptic line, that is, a circle intersecting X in diametrically opposite
points M and N, the points of intersection of S and S; (Figure 136; it is easy to see
that S and S1 must intersect one another). The fact that through M and N there pass
two different circles which intersect X in two diametrically opposite points implies
that these points are obtained by the inversion with center O and power —R?. But
then the circle S7, symmetric to S; with respect to S, must also intersect X in two
diametrically opposite points (for it passes through the points M and N'), which
is what we wished to prove. Now it is natural to define as the motions of elliptic
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FIGURE 136

geometry all products of reflections in elliptic lines, and elliptic geometry as the
study of properties of figures preserved by elliptic motions.*

The further development of elliptic geometry resembles the development of
hyperbolic geometry in the early part of this Supplement. For example, consider the
definitions, in elliptic geometry, of the distance between two points and the angle
between two lines. It is clear that the angle between two elliptic lines S1 and S»
can be defined as the Euclidean angle between the circles S1 and S>. Two elliptic
lines S; and S, are perpendicular (that is, the adjacent angles between them are
equal) if the circles S1 and Sy are perpendicular in the usual sense. Now consider
all perpendiculars erected at all points of an elliptic line Q'Q (at every point one can
erect a unique perpendicular, for through every point, in every direction, there passes
a unique line). Let S; and S5 be two such perpendiculars, and let P and P be the
points of intersection of the circles S; and S, (Figure 137). Since through P and P
there pass two circles S and S, which intersect X in diametrically opposite points,
these points are obtained from one another by the inversion with center O and power
—R?; since, in addition, the circles S; and S, are perpendicularto Q O, P and P
are symmetric with respect to the circle Q Q. It follows that every circle passing
through P and P intersects ¥ in diametrically opposite points and is perpendicular
to Q' 0; hence these circles are the perpendiculars to Q O erected at its different
points. Since P and P must be regarded as a single elliptic point (only one of the
two is in the interior of X), we conclude that in elliptic geometry all perpendiculars
to a line Q'Q pass through a single point (called the pole of the line Q' Q). Using this
fact, we can define the length d 4 g of a segment AB of an elliptic line Q' Q as the
angle between the perpendiculars AP and BP to Q Q erected at the points A and
B; in fact, the magnitude d 4 p defined in this way is preserved under the motions
of elliptic geometry, and, if 4, B, and C are three successive points of Q' 0, then
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FIGURE 137

dyp+dpc = d4c (see Figure 137). Also, it turns out that an elliptic line Q'Q has
finite length (equal to the angle Q P'Q ?); this fact underlies the profound difference
between elliptic and Euclidean geometries (see the first footnote on p. 135 in NML
24).6

Earlier, we often made use of the fact that two circles which intersect X in
diametrically opposite points intersect one another. In other words, any two elliptic
lines intersect one another—in elliptic geometry there are no parallel lines. Hence
we can call the product of two reflections in any two elliptic lines S; and S7 a
rotation. This motion takes the point 4 of intersection of S and S> to itself; since
the distance between two points is unchanged by a motion, every point B other than
A moves on a non-Euclidean circle centered at A—a locus of points equidistant
(in the sense of elliptic geometry) from A (Figure 138). Since reflections in the
“non-Euclidean lines” S and S, are reflections in the circles S7 and S;, and since
such reflections take a circle perpendicular to S1 and S7 to itself, it follows that non-
Euclidean circles centered at A coincide with the Euclidean circles perpendicular to
S1 and S»; all such circles form a pencil IT of nonintersecting circles. Thus elliptic
circles are Euclidean circles” (except for circles which intersect = in diametrically
opposite points and ¥ itself—these are “lines” rather than circles. Incidentally, in
elliptic geometry a line may be viewed as a special case of a circle—it is the locus
of points equidistant from the pole of the line).

Elliptic geometry has much in common with hyperbolic geometry. For example,
in elliptic geometry
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FIGURE 138

e the sum of two sides of a triangle is greater than the third side; the shortest
distance between two points is a line segment;

e two triangles are congruent if: the sides of one are equal to the sides of the
other; two sides of one and the angle between them are equal to two sides of
the other and the angle between them; a side of one and the two angles adjacent
to it are equal to a side of the other and the two angles adjacent to it; the angles
of one are equal to the angles of the other (see problem 82);

o if the base angles in a triangle are equal then the triangle is isosceles (see
problem 78); in an isosceles triangle the altitude, angle bisector, and median,
drawn from the vertex on the equal sides, coincide;

e in any triangle, the perpendiculars erected at the midpoints of the sides intersect
in a point—the circumcenter of the triangle; the angle bisectors intersect in a
point—the incenter of the triangle (see problem 77); the altitudes are concur-
rent (see problem 80); the medians are concurrent (see problem 105 on p. 123
in NML 24);

e the sum of the angles in a triangle always exceeds 180° (see problem 81); the
sum of the angles in an n-gon always exceeds 180° - (n — 2) (see problem 108b
on p. 124 in NML 24).

The concept of angular excess is relevant in all three geometries. It is defined for
a triangle as the difference ZA + ZB + ZC — 180°. This difference is positive in
elliptic geometry and negative in hyperbolic geometry (see problem 81); clearly, the
sum of the angles in an n-gon exceeds 180° - (n — 2) in elliptic geometry and is less
than 180° - (n — 2) in hyperbolic geometry (see problem 108b on p. 124 in NML
24).

There is a close connection between angular excess and area. Specifically, in
elliptic geometry the area of a triangle is k (LA + 4B + ZC — 180°), where
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the value of k£ depends on the choice of unit of area (in hyperbolic geometry the
relevant expressionis k (180°—ZA— £ZB — £C)). It is obvious how all this applies
to Euclidean geometry.

The theorems in problems 83—89 carry over to elliptic geometry, except that here
the term “cycles” stands for the circles and lines of this geometry.

The proofs of most of these theorems are close to the proofs of the corresponding
theorems in hyperbolic geometry. For example, to show that the sum of the angles in
an elliptic triangle exceeds 180° it suffices to take its vertex 4 by a non-Euclidean
motion to the center O of the circle ¥. Then AABC goes over to AOB'C’ in
Figure 139. It is clear from this figure that the sum of the angles of the curvilinear
triangle OB’C’ is greater than the sum of the angles of the rectilinear triangle with
the same vertices, that is, it is greater than 180° (see the solution of problem 81).
Now the expression for the area of an elliptic polygon is deduced in a manner
entirely analogous to the solution of problem 109, pp. 232-234, in NML 24. The
reader should try to prove the theorems just stated.?

FIGURE 139

We note that if we define the circles that intersect in a point O as lines (circles
of a parabolic pencil; see p. 56), and all products of reflections in these circles
as motions, then we obtain Euclidean geometry (recall that the substratum of
hyperbolic geometry is a hyperbolic pencil and the substratum of elliptic geometry
is an elliptic pencil). In this connection see p. 161.

We conclude with comments in which we discuss the connection be-
tween our present account of hyperbolic geometry and the account in the
Supplement on pp. 103—135 in NML 24. In these two accounts we seem
to have given the same names to radically different objects (recall the
two definitions of hyperbolic motions, of hyperbolic points and lines, of
hyperbolic distances and angles, and of hyperbolic geometry itself). It is
natural to ask for a justification of our modus operandi.
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On p. 131 in NML 24 we noted that all theorems of hyperbolic geometry
proved in that Supplement by considering points and chords of a disk K
could also be proved differently, namely, in a manner analogous to that
adopted in proving theorems of Euclidean geometry in school. The “usual”
approach to proving theorems consists in reducing the required result to
ever simpler ones until we reach the elementary “axioms” whose validity is
accepted without proof. Clearly, different sets of initial axioms may yield
different “geometries.” Axioms specify basic properties of “points” and
“lines” (“through two points there passes just one line,” “on every line, in
either direction from a point on that line, we can lay off a given segment any
number of times,” and so on) but do not tell us what points and lines are.
True, we are used to associate with the words “points” and “lines” certain
notions which help us find proofs by means of drawings (relying on this
habit we suggested to the reader on p. 131 in NML 24 to illustrate theorems
of hyperbolic geometry in which points and lines have unusual properties
with schematic drawings, such as those in Figures 115 and 118), but, strictly
speaking, reducing geometric propositions to axioms in no way calls for the
use of drawings. Theorems can be proved without relying on drawings (but
this makes proving them more difficult).

The nature of the basic geometric objects being, in principle, irrelevant in
proving theorems, it is possible to produce different interpretations of one
and the same geometric system. In fact, assume that we have been able to
find a system of objects satisfying the very same relations as those required
of points and lines. Then we can agree to call those objects “points” and
“lines” and use them to construct a “geometry.” Such a concrete interpreta-
tion of a geometry, characterized by a specific choice of axioms, is called a
model, or representation, of the geometry in question. The same theorems
hold in different models of the same geometry (and are deduced in the same
way from the same axioms), but their concrete nature is radically different
in different models.’

By now it is clear that in the Supplement in NML 24 and in the
present Supplement we constructed two different models of the same—
hyperbolic—geometry (which differs from Euclidean geometry in that it
fails to satisfy the parallel axiom; see p. 119 in NML 24 and pp. 148-149 in
the present account). The model constructed in the Supplement in NML 24
(points are the points of the disk K; lines are line segments in the interior of
K; and motions are affine transformations which take K to itself) is called
the Klein model (or the Klein-Beltrami model). The model in the present
Supplement (points are the points of the disk K; lines are circular arcs in
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the interior of K that belong to circles perpendicular to the circle ¥ which
forms the boundary of K; and motions are circular transformations which
take K to itself) is known as the Poincaré model.

We note that one can construct different models of Euclidean geometry.
Relevant instances follow.

Recall the principle of duality in Section 4 of NML 24. According to this
principle, one can interchange in a geometric theorem the words “point”
and “line” and the words “passes through” and “is incident on” and obtain
in this way a true theorem. In other words, the principle of duality asserts
the legitimacy of “renaming” geometric concepts. Specifically, one can
call lines “points” and points “lines.” The same section of NML 24 lists
properties of polarities which provide additional rules for such renaming,
such as the rule that the angle between two “lines” (that is, points) A
and B is the angle AOB, where O is a certain fixed point in the plane
(see property C of a polarity on p. 82 of NML 24). This interpretation of
the words “point,” “line,” “angle,” and so on, yields true theorems of the
geometry, which means that the renaming procedure yields a new model of
Euclidean geometry. All theorems of Euclidean geometry hold in this model
but they express completely different geometric facts. This demonstrates the
usefulness of the new model for proving geometric theorems (see problems
60, 62—64, and 6974 on pp. 81 and 85 of NML 24).1°

In Section 4 of the present book (pp. 71-72) we obtained another model
of Euclidean geometry. Here we made use of the fact that inversion changes
theorems to completely new theorems (see problems 53—59 in Section 4).
This is equivalent to the existence of a definite model of Euclidean geometry
obtained by means of inversions. In this model “points” are the points in
the plane with the exception of a definite point O (and a fictitious “point
at infinity” which is the image of O under inversion); “lines” are lines
and circles passing through O; “circles” are lines and circles not passing
through O; the “angle” between “lines” (that is, circles) S; and S, is the
usual angle; the “distance” between points A and B is given by AB - ﬁ
(see the formula () on p. 61); “reflection in a line” S is the reflection in the
circle S; “motions” are products of “reflections in lines”, and so on.1

An interesting model of three-dimensional Euclidean geometry is obtained by
mapping it to the plane using a cyclographic projection (see Section 5, p. 129). In
this model the “points” of space are the directed circles in the plane. This model can
also be used to deduce new theorems; for example, it is easy to see that the theorem
in problem 69(b) in Section 5 (p. 119) expresses in this model the well-known
theorem which asserts that the medians in a triangle (disposed in space) meet in
a point which divides them in the ratio 2:1 beginning at a vertex. If we adopt as the
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“distance” between the “points” of this model (that is, between directed circles) the
tangent distance, then we obtain a model of “pseudogeometry” of three-dimensional
space (see pp. 131-134); then, for example, the formula that yields the solution of
problem 69(a) yields the “pseudolength” of a median in a triangle (the reader should
try to deduce this formula in a way similar to the deduction of the formula for the
length of a median in a triangle in Euclidean geometry).

We repeat: our models of Euclidean geometry were obtained by using
polarities (see Section 3 in NML 24) and inversions. These transformations
enable us to establish a direct connection between any particular theorem
of Euclidean geometry and its version in a model (see the problems from
Section 3 in NML 24 and from Section 4 listed on pp. 71-72). We can estab-
lish this kind of direct connection between the Klein and Poincaré models
of hyperbolic geometry; in other words, we can describe a transformation
which changes either one of these models into the other. The details follow.

Let K be a disk of radius R in which we construct the Klein model of
hyperbolic geometry and let o be a sphere of radius R tangent to the plane
K at the center of K (Figure 142). The orthogonal projection of the lower
hemisphere of o to the plane sets up a correspondence between the points
of the hemisphere and the points of K; under this correspondence, to the
chords of K, that is, to the “lines” of the Klein model, there correspond
circular arcs of o perpendicular to the circle £ that bounds the hemisphere
(the “equator” of o). Now, conversely, we map the hemisphere to the plane
7 by stereographic projection (see Section 3, p. 55 in NML 24). Its image is
the disk K’ of radius 2 R, and the images of the circular arcs perpendicular to
the equator X are circular arcs perpendicular to the circle X’ of the disk K,
that is, the “lines” of the Poincaré model. One can show (see the text in fine
print below) that the “distance,” in the sense of the Klein model, between
two points of K is equal to the “distance,” in the sense of the Poincaré

FIGURE 142
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model, between their images in K’, and that the “angle,” in the sense of the
Klein model, between two chords of K is equal to the angle between their
images in K’, namely, circular arcs perpendicular to K. In other words, our
transformation takes the Klein model to the Poincaré model.

In the Supplement in NML 24 we defined hyperbolic geometry as the study of
properties of points and chords of a disk K invariant under affine transformations
that take K to itself—the “non-Euclidean motions” of the Klein model of non-
Euclidean geometry investigated in that Supplement. In the present Supplement we
defined hyperbolic geometry as the study of properties of points of a disk K and
of circular arcs in the interior of K belonging to circles perpendicular to ¥, the
boundary of K, that are invariant under circular transformations which take K to
itself—the “non-Euclidean motions” of the Poincaré model (see p. 104 in NML 24
and p. 143). Therefore, to prove that the transformation shown in Figure 142 takes
the Klein model to the Poincaré model it suffices to prove that it takes the totality
of affine transformations that fix K to the totality of circular transformations that
fix K’.12 But it is clear that to every circular transformation that takes K’ to itself
there corresponds an affine transformation that takes K to itself; this follows from
the fact that K goes over to K’ and the lines intersecting K to circles perpendicular
to X’ (which a circular transformation fixing K’ takes again to such circles). Further,
among the “non-Euclidean motions” of the Poincaré model there are just two
transformations that take to one another two given points A" and A} of K’ with
directions specified at these points;!3 therefore, among the affine transformations
of K which correspond to these motions, there are just two transformations that
take to one another two arbitrary points A and A; of K with directions specified at
these points. This already implies that our transformation takes the totality of “non-
Euclidean motions” of the Klein model to the totality of “non-Euclidean motions”
of the Poincaré model.

We conclude by reproducing a brilliant transformation of the Klein model
to the Poincaré model recently discovered by Ya. S. Dubnov; unlike the
transformation just given, it does not involve space arguments. Let K be a
disk with center O in which we construct the Poincaré model. With each
point A of K we associate the point A’ of the ray OA such that

1
doa = =d
o4’ = 5doa

(Figure 143); here dp4 and d 4’ are non-Euclidean lengths of the segments
OA and OA’ (relying on the analogy with Section 1 in Chapter 1 of NML
21 we might call such a transformation a “non-Euclidean central similarity”
with similarity coefficient %). We claim that this transformation takes a
non-Euclidean line of the Klein model (that is, the chord PK of K) to the
non-Euclidean line PQ of the Poincaré model constructed in K (that is, to
the arc PQ of the circle S perpendicular to the boundary circle ¥ of K),
and the Klein model to the Poincaré model.
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FIGURE 143

For proof denote by A the point of intersection of any diameter M N of
K with the chord PQ, and by A’ the point of intersection of that diameter
with the arc PQ of the circle S; we must show that dpg = %dOA. By the
definition of the non-Euclidean length of a segment (see p. 107 in NML 24)

i ON ANN | AM R+ 0A “
= ES
0A=%\op Am ) T % AN T °®R_04
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., oo ON ANY _ | AM R+ OA -
o4 =18\ oM AM BN TR 04

here R is the radius of K. Further, let 4 be the second point of intersection
— — 2

of MN and S. Then OA’ - OA = RZ2, and therefore O A = %. Now by a

well-known property of chords of circles applied to ¥ and S we have

MA-AN = PA-AQ = A'A - AA,
or

(R+ OA)YR—0A) = MA-AN = A'A-AA = (OA— 0A")(OA — OA);

so that
R2
R?> — 04% = (04 — 04)) — 04
oA’
R2 2 2
=0A- —RZ—04%+ 04-04’,
0A +
whence
R? 2R%. 04’
OA =2R?: oA )| = —— .
(OA’ " ) R+ 047
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Finally, we obtain:

(R + 0A)
(R — 04)

| [(R N 2R%-04' ) (R 2R%- 04' )}
= 10 _ N _—
s R2 + 047 R2 + 04"

R} + R-0A% +2R?. 04’
=lo
ER3 + R-0A* —2R2.0A’
(R + 04")? R+ 04
=log——— =2log ———
(R — 04")2 R—o04

doa = log

= 2dou,

which was to be proved. We add that since formulas () and (x*) could also
be used to define the “non-Euclidean lengths” of the segments OA and OA’
in the Poincaré model (see p. 65), it follows that in order to go, conversely,
from the Poincaré model to the Klein model, we must apply to the Poincaré
model a “non-Euclidean central similarity” with similarity coefficient 2.
From this there follows a simple construction that allows us to obtain
the magnitude of a non-Euclidean angle in the Klein model. Let P P and
0 0 be two intersecting lines in the Klein model, that is, two chords P P
and QQ of K that intersect in A (Figure 144). The transformation that
takes the Klein model to the Poincaré model takes these lines to arcs P P
and Q O of circles S; and S, perpendicular to the boundary circle ¥ of
K; construction of these circles is easy. Further, the non-Euclidean angle
between the lines P P and Q Q of the Klein model (whose magnitude § p A0
is to be determined) goes over to the non-Euclidean angle between the lines
S1 and S, of the Poincaré model, that is, to the Euclidean angle between
the circles S and S». The latter is the angle between the tangents to S and

FIGURE 144
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S, at their common pont A’. Hence
5PAQ =/T1A'T>».

It is clear that this construction is simpler than the one given in the Supple-
ment in NML 24 (see pp. 112—114, and, in particular, Figure 110a).

Notes to Supplement

1 'We will see that all theorems of what we defined as hyperbolic geometry
coincide with the theorems of the geometry introduced in the Supplement
in NML 24. This justifies the use of the term “hyperbolic geometry” in both
cases. A detailed discussion of the connection between the two systems is
given on pp. 159-166.

2 Inthe sequel we will, as a rule, use the term “circles” rather than “circles
and lines.” In cases in which “circles” includes lines (“circles of infinite
radius”) this will be clear from the context.

3 However, one should keep in mind that the non-Euclidean center A of
a circle S does not coincide with its Euclidean center O. To find 4 we must
consider the pencil of circles perpendicular to S and X; A is the point of
intersection of the circles of this pencil contained in the interior of X.

4 We note an essential difference between hyperbolic and elliptic mo-
tions. In hyperbolic geometry motions take the interior of X to itself, so
that in this geometry we can ignore the points in the exterior of X. In
contradistinction to this, in elliptic geometry motions do not take the interior
of X to itself. This being so, we must always keep in mind the fact that
points A and A obtained from one another by an inversion with center O
and power —R? are to be viewed as a single point. For example, we must
assume that a reflection in S takes the point A in Figure 136 to the elliptic
point A’ (reflection in S takes A to A; which we identify with 4").

5 Itis easy to show that this angle is obtuse.

6 An elliptic line is closed, like a circle (we recall that we agreed to think
of Q and Q as a single point of a line). If, beginning at any point A, we
lay off in an arbitrary direction a segment whose length is equal to that of a
line, then we get back to A.

7 One must keep in mind the fact that the non-Euclidean center A of S
does not coincide with its Euclidean center O. To find A we must consider
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the pencil of circles which intersect £ in diametrically opposite points and
are perpendicular to S (see p. 157, and, in particular, Figure 137); A is the
point of intersection of the circles of this pencil located in the interior of X.

8 In the Supplement in NML 24 we noted that the geometry of certain
surfaces in three-dimensional space is hyperbolic. Similarly, the geometry
of some other of these surfaces is elliptic. Such is spherical geometry. To
establish the connection between elliptic geometry and spherical geometry
we must map the sphere o on the plane by stereographic projection (see
Section 3, p. 55, in NML 24). Denote by ¥ the image in the plane of the
equator S of the sphere (Figure 140). The great circles on the sphere (the

FIGURE 140

sections of the sphere by planes through its center) go over to plane circles
which intersect ¥ in diametrically opposite points. The angles between
great circles on the sphere are the same as the angles between the plane
circles that are their images (see Note 10 to Section 4, p. 78). If we adopt an
appropriate unit of length, then the distance between two points M and N
on the sphere (that is, the length of the shorter one of the two circular arcs
determined by these points) is equal to the elliptic distance between their
plane images M’ and N’. To the rotations of the sphere about its center
there correspond, under the stereographic projection, the elliptic motions
of the plane. The condition that one should view points M’ and M| in
the plane, obtained from one another by the inversion with center O and
power —R?, as a single elliptic point translates into the need to identify
the diametrically opposite points M and N on o—this condition is due to
the fact that two great circles on o intersect in two diametrically opposite
points. The connection between elliptic and spherical geometries can be
used to advantage in proving theorems of elliptic geometry.
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 An admittedly difficult book that discusses the issues touched on in
the Supplement in NML 24 and in the present Supplement is V. I. Kostin’s
Foundations of Geometry, Moscow, Gos. ucheb.-pedagog. izd., 1948. (Rus-
sian)

10 Tn Section 4 in NML 24 we noted that the principle of duality is of
greatest value when applied to projective geometry; in other words, the
“dual model” of projective geometry is of great convenience. As for the dual
model of Euclidean geometry, that model has the defect that in it the term
“point” applies to the lines in the plane and to a fictitious “line at infinity,”
and the term “line” applies to points in the plane and to the so-called “points
at infinity,” which may be thought of as directions.

1 We emphasize that nothing is said in the axioms of geometry either
about the nature of its fundamental objects (“points” and “lines”) or about
the sense of the basic relations between them (for example, about the sense
of “equality” between segments, and “equality” between angles, or about
the sense of the concept “a line passes through a point”); that is why, when
we construct a model we must specify the sense of these relations between
“points” and “lines.” For example, in the Klein model of hyperbolic geome-
try “congruence” of figures means that there is an affine transformation that
fixes K and takes one of the figures to the other, whereas in the Poincaré
model the same term means that there is a circular transformation that fixes
K and takes one of the figures to the other. If we agree to call “lines” not
the chords of K but their poles with respect to X (see Section 4, pp. 6667
in NML 24), then we obtain a new model in which “points” are the points
of K and “lines” are the points exterior to K, and in which the term “a line
passes through a point” takes on an entirely unexpected meaning: a “line”
(that is, a point) A passes through a point M if the chord joining the points
of tangency with the circle ¥ of the tangents from A to ¥ passes through
M (Figure 141).

FIGURE 141
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12 This implies, for example, that the “non-Euclidean distance” between
points A and B in the disk K in the Klein model coincides with the “non-
Euclidean distance” in the Poincaré model between the points A’ and B’ in
the disk K’ that correspond to them (of course, since the units of length
can be chosen independently in the two cases, the two “non-Euclidean
distances” are proportional rather than equal). In fact, the “distance” d4p
between points A and B is characterized by the following conditions:

1° if the pair of points A, B goes over under a motion to the pair of
points Ay, By (the segments A, B and A;, B; are “congruent”), then
daB =da,B;;

2° if A, B, and C are three successive points on a line, then d4p +dpc =
d 4c (see the definition of “non-Euclidean distance” on pp. 104-107 in
NML 24).

Hence the facts that the line A B goes over to the line A’ B’ and “motions”
go over to “motions” guarantee the equality of the distances d 4p and d 4/p-.

13 These two transformations differ by the “non-Euclidean reflection”
(see pp. 125-126 in NML 24) in the line passing through A in the direction
given at A].






Solutions

Section 1

1. Let the circle S be tangent to S; and S, at A and B; let 01, O3, and
O be the centers of S1, S, and S and let O be the point of intersection
of AB and O; O, (Figure 145). We apply the inversion with center O and
power k = OA- OB. Then A and B are interchanged; S goes over to itself
(for any line through O intersects S at M and N such that OM - ON =
OA - OB = k); and Sy, tangent to S at A, goes over to S/, tangent to S
at B. Also, the center of S7 lies on the line O Oy (see the proof of property
B4, p. 9), that is, it coincides with the point O, of intersection of ‘OB and
0 0,. It follows that S| coincides with S». Hence the inversion with center
O takes S} to Sy, that is, O is the center of similarity of S; and S, (see the
proof of property B,4); and this is what was to be proved.

]

FIGURE 145
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[If AB coincides with O O,, our proposition is obvious. If AB || O10,,
then, instead of the inversion with center O, one should apply the reflection
that takes A to B, in which case one shows, as above, that this reflection
takes S to S,. Hence these circles are congruent and have no outer center
of similarity; this is an exceptional case.]

2. (a) First solution. We apply an inversion with center at a point O of
the circle S. Then S goes over to a line / and the circles S and S, go over
to circles S and S tangent to one another and to the line / at fixed points
A’ and B’ (Figure 146a). Let M’ be the point of tangency of S| and S’ and
let O’ be the point of intersection of / and the line through M’ tangent to
S and S. Then, clearly,

O'A=0M ad O'B' =0M,
that is,
O/A/ — O/B/ — O/M/

Thus M’ is a point of the circle with center at O’ and radius equal to half
the length of A’B’. It follows that the locus of points of tangency of S; and
S» is the circle through A and B perpendicular to the circle S.

&

<
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o
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FIGURE 146

Second solution. One can simplify things by applying an inversion with
center at A. Then the circle S goes over to a line /, and the circles S and
S5, tangent to S at A and B, go over to a line /1, parallel to /, and a circle Sé
tangent to /[ at the fixed point B’ (Figure 146b). Clearly, the locus of points
M’ of tangency of /1 and S} is a line perpendicular to / and /; and passing
through B’. It follows that the locus of points M of tangency of S; and S,
is a circle (passing through A and B and perpendicular to .S).
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FIGURE 147

(b) Under an inversion with center at A the circle S goes overto aline/,
the circle S goes over to a circle S} tangent to / at a fixed point B’, and the
circle S1 goes over to a line /; parallel to / and perpendicular to the circle
S, that is, passing through its center (Figure 147). It is clear that the locus
of points N{ and N} of intersection of /; and S} consists of two (mutually
perpendicular) circles passing through A and B’ and forming with / a 45°
angle.

3. We apply an inversion with center at A. Then the circles circum-
scribed about the triangles ABC, ABD, and ADC go over to lines and
we obtain Figure 148. This figure shows that the angle between the circle
S’ circumscribed about the triangle B’C’D’ and the line C' D’ is equal to
the angle between the lines B'C’ and B’ D’ (each is equal to half the angle
subtended by the arc C’ D’ of S’). This implies the assertion of the problem.

DJ’
GS”
/s Y
FIGURE 148

4. (a) Let rq,r,, and r be the radii of the circles S1, S», and S; r =
r1 + r2. Under the inversion with center M and (negative!) power k =
MA - M B the circle S and the line M D go over to themselves, the circles
S1 and S, go over to tangents to S at the points B and A, and the circles
and X, go over to circles E’l and 2’2 with radii r; and r;; see Figure 149.
The circles X1 and X} are centrally similar with center M and coefficient
of similarity ]f—l, where k = MA-MB = 4rir, and k; is the square of
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FIGURE 149

the tangent M P from M to X (see the proof of property B4, p. 9); from
triangle O O E it follows that

MP? = 01E> = 007 — OE> = (r + r2)> = (r —r2)> = 4rra.

This implies that the radius of X is

k 47‘17‘2 rirp

rp— ="rF— = .
k1 4rry L+ ra

rira
rit+r2”

(b) An inversion with center B and (positive!) power BM - BA takes
the circle S to itself, the circle S to the line M D, and the line MD to S.
Thus the curvilinear triangle AM D in Figure 19 goes over to itself, and so
does the circle X, inscribed in that triangle.

The point T of tangency of S; and X, stays fixed (for S; and ¥; go
over to themselves); hence T is on the circle of inversion. The point T of
tangency of S; and the tangent to S from B is also fixed (for S1 and BT}
go over to themselves); hence T is also on the circle of inversion. But the
semicircle S; intersects the circle of inversion in just one point; this implies
that 7 coincides with 7" and the tangent to S} and X; at T passes through
B. We prove in the same way that the tangent to S, and X, at their point of
tangency passes through A.

In just the same way we prove that the radius of X, is also

5. An inversion with center at A, the point of tangency of S; and S»,
transforms Figure 20 into Figure 150; clearly all we need show is that B’,
C’, and D’ in Figure 150 lie on the same line ¥’. Let M N be a common
tangent to S5 and S at C’, and let D be the point of intersection of the lines
B’C’ and S7. Then ZNB'C’ = ZNC'B’ (each of them is equal to half the
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FIGURE 150

angle subtended by the arc B’C’ of the circle S}), ZNC'B’ = ZMC’D,
(vertical angles), and Z/ZNB'C’ = /M D;C’ (alternate interior angles with
respect to the parallel lines S| and S}). Then ZMC’'Dy; = ZMD,C’, so
MD; = MC’; and since MD' = MC’ (as tangents from M to S}), it
follows that D; coincides with D’, which was to be shown.

6. (a) We apply an inversion with center P, the point of intersection
of the circles circumscribed about the circles A3 A, B3, A1A3B>, and
Az A3 B1. Then these three circles go over to lines and we end up with the
following problem: Show that the circles circumscribed about the triangles
BB, A, B{B} A}, and B, B, A, where B}, B}, and B’ are points on the
sides AL A%, ASA, and A\ A} of the triangle A A} A}, meet in a single
point, that is, problem 58(a) in NML 21.

(b) This problem can be formulated as follows. Given six points Ay, Cy,
D, Cy, As, By; show that if the circles circumscribed about the triangles
A1C1B1(X), C1D2C5(S4), and Dy A1 A2(S1) meet in a point (D), then
the circle circumscribed about the triangle CyA> D2 (X') passes through
the point (B3) of intersection of circles circumscribed about the triangles
Az A1 B1(S2) and B1C>C1(S3). But this is problem (a).

(¢) An inversion with center O takes circles Sp,.S,,S3, and S4 to
four lines; thus our problem becomes the following problem: Show that
four circles, circumscribed about four triangles formed by four pairwise
intersecting lines (no three of which meet in a point), meet in a point. This
is problem 35 on p. 44 in NML 21.

7. (@) For n = 4 this proposition coincides with the one in problem
35 in NML 21. Now we assume that the proposition has been proved for
all values of n less than a certain fixed value and prove it for that value.
This approach to the solution of the problem, based on the method of
mathematical induction, is suggested by its very formulation.
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Assume that n (= 5) is odd. We have n lines I1, [», I3, ..., [,; to each set
of n — 1 of these lines, obtained by removing line /; (i = 1,2, ..., n), there
corresponds the central point A; of these n — 1 lines; to each set of n — 2 of
these lines, obtained by removing lines /; and [; (i, j = 1,2,...,n), there
corresponds the central circle S;; of these n — 2 lines; to each set of n — 3 of
these lines, obtained by removing lines /;, [;,and I (i, j, k =1,2,...,n),
there corresponds the central point of these n — 3 lines; to each set of n — 4
of these lines, obtained by removing lines /;, [, I, and I, (i, j, k,m =

1,2,...,n), there corresponds the central circle S;;x, of these n — 4 lines
(if n = 5 then, for example, instead of circle S1234 we have line /5). We are
to show that the n points A;, A», ..., A, are concyclic; for this it suffices

to show that each four of these points, say, the points A1, A, A3, and Aq4,
are concyclic.

According to the definition of central points and central lines, A; is
the point of intersection of the circles Si2, S13, S14, ..., S1n, and similar
statements hold for Aj, As, ..., An; the points A123, A124, ..., A12n are
on the circle 12, and so on; Aj,3 is the point of intersection of the circles
S1234, 81235, ..., S1231, and so on. Thus we see that

the circles Sy, and S»3 intersect in points A, and A123;
the circles S>3 and S34 intersect in points Az and A334;
the circles S34 and S41 intersect in points A4 and A134;
the circles S41 and S;; intersect in points A; and Aq24.

Since the four points A123, A234, A134, and Aj,4 are on the circle S1234,
it follows by the proposition in problem 6(b) that Ay, A,, A3, and A4 are
also concyclic, which is what we wished to prove.

Now we consider the case of an even n. We use notations analogous
to those above except that now Sp is the central circle of n — 1 lines

lr,13,...,1l,, A1z isthe central point of n —2 lines /3, l4, ..., [, and so on.
We are to prove that the n circles Sy, S», ..., Sy, meet in a point; for this
it suffices to prove that every three of them, say, S1, S2, and S3 meet in a
point.!

The definitions of central points and central circles imply that

the circle S; passes through the points A5, A13, and Aj4;

the circle S3 passes through the points A3, A»3, and A3g4;

the circle S, passes through the points A3, A1z, and Ajq4;
the circle S;34 passes through the points A14, A34, and Aj3;
the circle S»34 passes through the points A34, A24, and A33;
the circle S124 passes through the points A4, A14, and Aps.
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But the last three of the above circles meet at the point Aj34; and
therefore, in view of the proposition in problem 6(a), the first three circles
also meet in a point, which is what we had to prove.?

(b) For the case n = 3 our assertion coincides with problem 58(a) on p.
751in NML 24, and for n = 4 itis implied by the proposition in problem 6(b)
(see the formulation for this case in Note 11, Section 1). Now we assume
that the proposition in the problem has been proved for all #n less than a
certain particular one and we prove it for that value of .

Assume that n (= 5) is odd. We have n lines 1,05, 13,...,[, and we
choose a point on each of them (the points are concyclic); to each n — 1 of
these lines, obtained by removing line /;, there corresponds the directing
circle S;;to each n — 2 of these lines, obtained by removing lines /;
and /;, there corresponds the directing point A4;;; to each n — 3 of these
lines, obtained by removing lines /;,/; and Iy (i,j.k = 1,2,...,n),
there corresponds the directing circle S;jx; to each n — 4 of these lines,
obtained by removing lines /;, [, lx, and [, (i, j.k,m = 1,2, ...,n), there
corresponds the directing point A; i, (if n = 5 then, instead of, say, A1234,
there enters a point taken on the line /5). We must show that the n circles
S1,82,...,8, meet in a point; for this it suffices to show that any three
of these circles, say, Si,S2, and S3, meet in a point. The definitions of
directing points and directing circles imply that

the circle S passes through the points A5, A13, and Aj4;
the circle S5 passes through the points A3, A3, and As4;
the circle S, passes through the points A3, A1z, and Aj4;
the circle Sy34 passes through the points A4, A34, and Aj3;
the circle S»34 passes through the points Azq, A4, and Aj3;
the circle Sy24 passes through the points A4, A14, and Aj».

For the rest of the argument see the concluding part of the argument in
problem 6(a).

The argument in the case of an even # is very similar to the argument in
the first part of the solution of problem (a) above.

8.(a) Let S and s be the circumcircle and incircle of a triangle ABC,
O and o their centers, R and r their radii, D, E, and F the points at which s
touches the sides of the triangle, M, N, and P the points of intersection of
the sides of the triangle DEF with 0A, 0B, and 0 C; obviously, these points
are coincident with the midpoints of the sides of ADEF (Figure 151). We
will prove that under a reflection in the circle S the points A, B, C go
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FIGURE 151

over to the points M, N, P.In fact, for example, the similarity of the right
triangles oM E and oE A implies that 24 = 2& or oA -oM = oE? = r2.
It follows that our inversion interchanges A and M .

Now we see that our inversion takes the circumcircle S of AABC to the
circumcircle S’ of AMNP. Since triangles MNP and DEF are similar
with similarity coefficient %, it follows that the radius of S is 5. On the
other hand, S’ and S are centrally similar with center of similarity o and
similarity coefficient _Trz, where k = 0K -oL and K and L are the points of
intersection with S of any line / passing through o (see the proof of property
B4 of inversion). Take as [ the line 0O; thenoK = R—d, oL = R + d,
and therefore k = (R —d)(R +d) = R> —d>.

We see that S” and S, with radii 5 and R, are centrally similar with
similarity coefficient Rz’—_zdz. Hence

r? 1 (R—d)+(R+d) 1 1
= — or — = = —+
R2 — 4%’ r R%2 — 42 R+d R-d’

which is what was to be proved.

1 [NIR

The following is the simplest way to prove the converse proposition. Let
R and r be the radii of circles S and s. Let the distance d between their
centers be connected with R and r by the relation

1 1 1

R+d + R—d r’
This implies, first of all, that

2Rr = R>—d?, d? = R>-2Rr < R*-2Rr+r*= (R-r)*, d < R-r,
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FIGURE 152

that is, s is completely contained in the interior of S. Let A be a point of S;
we draw chords AB and AC of S tangent to s and join B to C (Figure 152).
We assume that the line BC is not tangent to s but, say, cuts it. Without
changing the center of s we shrink its radius until we obtain a circle § such
that the chord B C of S, where AB and AC are chords of S tangent to s, is
itself tangent to s (Figure 152). In view of what has been proved, the radius
7 of 5 and the magnitudes R and d are connected by the relation

1 n 11
R+d R-d 7
But this is impossible, for 7 < r and
1 n 11
R+d R—-d r’

In much the same way we prove that the chord BC cannot pass outside s
(for this we would have to increase s).

(b) Proceeding in a manner analogous to the solution of problem (a)
we show that a reflection in the excircle s; of AABC takes its vertices to
the midpoints M7, Ni, and P; of the sides of A Dy E; F; with vertices at
the points of tangency of s; to the sides of AABC (Figure 153). It follows
that the circumscribed circle S goes over to a circle S| of radius 5 (cf.
the solution of problem (a)). On the other hand, the circles S { and S are

2
centrally similar with center of similarity 0; and similarity coefficient %‘,
where

k=01K1-01L1 = (dl —R)(dl + R) = dlz— R?
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FIGURE 153
(see Figure 153). Hence
2 _ N
R d12 — R?’
and therefore
1 1 1

dl—R_d1+R:r1
which is what was to be proved.

3

Remark. One can show that, conversely, if the radii R and ry of two circles

and the distance d1 between their centers are connected by the relation
1 1 1
di—R di+R N r’

and the first circle is not completely contained inside the second circle (this is not
implied by the problem and must be separately stipulated), then these circles may
be viewed as the circumcircle and excircle of a certain triangle (in fact, of infinitely
many triangles; as a vertex of such a triangle we can take any point of the first circle
in the exterior of the second circle).

9. (a) Let the quadrilateral ABCD be inscribed in the circle S (with
center O and radius R) and circumscribed about the circle s (with center o
and radius r); let E, F', G, H be the points at which s touches the sides of
the quadrilateral, and let M, N, P, Q be the points of intersection of 0C,
0B, 0A, and oD with FG, EF, HE, and GH (the midpoints of the sides of
the quadrilateral; Figure 154a). Reflection in s takes the vertices of ABCD
to the vertices of MNPQ and the circle S to the circle S’ circumscribed
about MNPQ (cf. the solution of problem 8(a)). But MN and PQ are
midlines of the triangles EFG and GEH, so that MN || PQ || EG; we
show similarly that MP | NQ || FH. Hence MNPQ is a parallelogram
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(b)

FIGURE 154

whose sides are parallel to FH and E G. Since the circle S is circumscribed
about this parallelogram, it follows that the latter is a rectangle. But then
FH 1 EG, which is what we had to prove.

(b) We prove first that if there is a single quadrilateral inscribed in
a given circle S and circumscribed about another circle s, then there are
infinitely many such quadrilaterals. We saw that FH L EG (Figure 154b;
we use the same lettering as in problem (a)). Through the point T of
intersection of FH and E G we pass another pair of mutually perpendicular
chords F’H' and E’G’ of 5. We claim that the midpoints M’, N’, P’ and
Q' of the sides of the quadrilateral E’ F'G’ H' lie on the same circle S’ that
appeared in the solution of problem (a).

All we need to show is that the locus of midpoints of chords E'F' of s
such that TE' L TF' consists of points located on a single circle fl; if
so, then the fact that M, N, P and Q belong to this locus implies that fl
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coincides with S’, which, in turn, implies that M’, N’, P’ and Q' belong
to this locus, and thus the required proposition. We join M’ to T and to
the center o of s and consider the parallelogram M’TR’o. The well-known
property of a parallelogram implies that

M'R'? + To*> =2TM'? + 20M"?,
or
1
O/M/Z + O/TZ — E(7“1‘4/2 + 0M/2)’

where O’ is the midpoint of To. Since TM' is a median of the right triangle
TE'F’,itfollows that TM' = M'E’ = M'F’; since M’ is the midpoint of
the chord E’F’ of s, it follows that OM’ | E’F’. Hence

oM'> + TM'?> = oM"* + M'E”® = 0E"* = r?

(r is the radius of ), that is,

2
OIMIZ — r_ _ OITZ
2
does not depend on the choice of the chord E’F'. This completes the proof

of our assertion: the required locus is the circle with center O’ and radius

Je o2
2

Now let A’B’C’D’ be the quadrilateral formed by the tangents to s at
E’, F’',G’,and H'. As in the solution of problem 8(a), we show that A’, B’,
C’, D' are symmetric to M’, N’, P’, Q' with respect to s. And since, by
what has been proved, the latter points are on S’, the vertices of A’B’'C’D’
are on S (symmetric to S’ with respect to s); it follows that the quadrilateral
A'B’'C' D’ is both circumscribed about s and inscribed in S.

Now we can deal with the main assertion of the problem. Let the line
E’G’ coincide with the line 0O of centers of the circles s and S. Considera-
tions of symmetry show readily that in this case the quadrilateral A’ B'C’ D’
is a trapezoid (Figure 155). Since this trapezoid is inscribed in a circle, the
sum of the bases is equal to the sum of the lateral sides, that is, the median
of the trapezoid is equal to a lateral side. Therefore, if o is the midpoint
of E'G’ (o is the center of s; 0oE’ = oG’ = r) and K is the midpoint of
the lateral side A’D’, then the median oK of the triangle 04’ D’ is equal
to half the side A’ D’; hence 0A’ D’ is a right triangle. This implies that
LA 0E"+ ZD’'0oG’ = 90°, that s, the right triangles 04’ D’ and 0D’'G’ are
similar.
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FIGURE 155

But if O is the center of S, 00 = d, then
OE' =r—d, O0OG =r+d,
A'E' = OA? - OE? = \/R2— (r —d)2,
D'G'=+0D?—-0G? = \/R>—(r +d)2,

and the similarity of the triangles 0A’ E’ and 0D’G’ implies that

r RGP

JR—(—dp r ’

whence
P (R2 _s2_ dz)z _ 4r2d2,
r* = (R?>—d?®? —2r*R* 4+ r* - 2r%d?,
(R? —d*)? =2r%(R*> + d?).

If we rewrite the right side of the last equality as r2[(R+d )%+ (R—d )?]
and divide both sides of the new version of that equality by r2(R? —d?)? =
r2(R + d)*(R — d)?, then we obtain the required relation

1 1 1
2= 2+ 2"
r (R—4d) (R+d)

[We have not shown that any point of the circle S can be chosen as a
vertex of a quadrilateral inscribed in S and circumscribed about s; but this
follows easily from the solution of the problem, or can be proved by an
argument analogous to the argument in the solution of problem 8(a).]

10. The equality
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(see problem 8(a)) implies that
d* = R*—2Rr = R(R - 2r),
so that

R—2r>0 and r <

s

| X

which is what was to be shown.

Ifr = %, then d = 0, that is, the excircle and incircle of the triangle
are concentric (the point of intersection of the perpendiculars erected at the
midpoints of the sides coincides with the point of intersection of the angle
bisectors of the triangle). From this one can easily show that the triangle is
equilateral.

11. Let O be the midpoint of the side A B of a triangle ABC and let the
incircle s and the excircle s; of that triangle touch AB at points P and Q.
We will show that OP = OQ. Let a, b, and ¢ be the lengths of the sides
of the triangle, and let P, Py, and P,, and Q, Q1, and Q; be the points at
which s and s; touch the sides of the triangle. Then

AP = %(AP + AP)) = %[(C—BP) + (b —CPy))
= %[c +b—(BP +CP))] = %[c +b—(BP, + CPy)]

1
E(C +b—a),

1 1 1
P =AP — A = — — —_ - = — _ .
0 o 2(C+b a) 3¢ 2(b a);
we show in a similar way that
! 1
Bin(c—i—b—a), 0Q=5(b—a).

We apply the inversion with center O and power OP? = 0Q?2. We claim
that this inversion fixes s and s;. Indeed, let the image of, say, the incircle s
be a circle s”. s’ intersects the circle ¥ of inversion in the same two points as
s, and, in view of property C of inversion, is also perpendicular to ¥ (for it
is easy to see that s is perpendicular to X: at their point of intersection these
two circles form a 90° angle). From this it follows directly that s” coincides
with s; a similar argument shows that 51 goes over to itself.

Now we will explain what is the image of the nine point circle S under
our reflection. The sides of the triangle A BC are common tangents to s and
s1. We construct a fourth common tangent to these circles; let D and E, M’
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FIGURE 156

and N’ be its points of intersection with the sides AC and BC and with
the midlines OM and ON respectively. We will prove that a reflection in
Y takes the nine point circle S to the line M'N'.

Symmetry considerations imply that CD = CB = aand CE = CA =
b (see Figure 156). Further, similarity of the triangles MM'E and CDE
implies that

MM’ CD MM' a4
= == or = —,
ME CE b—4% b
whence
a a
MM = =|b—-=
i(-3)
and, therefore,
b 24429 )2
oM —oM—mm' =2 (e _bta—2ab  (b—a)]
2 b 2 2b 2h

In much the same way (using the similarity of the triangles N N’D and
CE D) we deduce the equality
ON/ — (b B a)2
2a
Hence
(b—a)?* b _ (b —a)?

OM'-OM =
2b 2 4

= OP? = 00?2,
and, similarly,
ON’-ON = OP? = 002

These equalities show that M’ and N’ are symmetric to M and N with
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FIGURE 157

respect to X. From this it follows that reflection in ¥ takes the nine point
circle passing through M, N, and O to the line M'N’.

The fact that reflection in X takes the circles s and s; to themselves and
the circle S to the line M’N’ tangent to s and s; implies that S is tangent
to s and s;.

12. let L, M, and N be the points of intersection of the sides AB and
DE, BC and EF, CD and FA of the hexagon ABCDEF inscribed in the
circle S (Figure 157). We draw a circle S; passing through A and D and
apply the inversion with center L and powerk; = LB - LA = LD - LE.
This inversion takes A to B, B to A, D to E, and E to D; it takes S to
itself and S to a circle S, passing through B and E.

Now we apply the inversion with center M and powerk, = MC-MB =
ME - MF. This inversion takes S to itself and S» to a circle S3 passing
through C and F. Finally, we apply the inversion with center N and power
k3 = NC - ND = NA - NF. This inversion takes S to itself and S5 to a
circle S which intersects S at D and A.

By property C of inversion, the circles Sy, S, S3, and S| form the same
angles with S. The fact that S; and S'1, which intersect S at the same points
A and D, form the same angles with S implies that these circles coincide.?

We see that L, M, and N are the centers of inversions that take S; to
S», S> to §3, and S3 to S;. But this means that these points coincide with
the centers of similarity of these three circles taken two at a time (see the
proof of property B4 of inversion). In view of the theorem on three centers
of similarity (see p. 29 in NML 21), we can now conclude that L, M, and
N are collinear.*

Our proof remains valid if the hexagon ABCDEPF is self-intersecting.
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FIGURE 159

13. Apply an inversion that takes the circles ¥; and X, to two parallel
lines ¥} and X, (see Theorem 2 on p. 22); its center is the point A
of tangency of X; and X,. The circles Sy, S1, S2,... go over to circles
S, S1, S5, ... tangent to the parallel lines X/ and X; clearly, all of these
circles are congruent (Figure 159). Let r’ be the radius of each of these
circles and let the distances from their centers to AB be d|.,d{,d},....

Clearly, d), = 2nr’, that is, % = 5. But S, and S}, are centrally similar
with center of similarity at A (see the proof of property B4 of inversion).
Hence

n r)

! that i d 2
—_— ==, at 18, = ZNTy,
dy d] 2n " "

which was to be proved.

(b) We assume for the sake of simplicity that the power of the inversion
used in the solution of problem (a) is (2R;)?. Then B’ in Figure 159
coincides with B and

_ (R)?> 4R} _2R?

AM’ e e
AM 2R, R,

It follows that the common radius 7’ of S}, S, S5, ... is

E(AM/—AB/):l ﬁ—ZRI _ Ri(Ri —Ry)
2 2\ R, R, '
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Further, the coefficient of similarity of .S, and S,Q is ,f—n, where k = 4R%
is the power of the inversion and k, is the square of the tangent from A to
S/ (see the proof of property B4 of inversion). Clearly, the square of the
tangent from A to S}, is A0, — r'2, where O}, is the center of S}, and

AO,* = A0y* + 040,

(0| is the center of S|}, that is, the midpoint of the segment B’M"). Hence

Ri(R R
A06=2R1+r/= w; 0(’)0;' :dr’l =2nr’,
Ry
Ri(R; + R»)7?
AO,/12=|: 1( ;Q‘F 2)i| +4n2r12
2

and the coefficient of similarity of S, and S, is

k Ri(Ry + Ry)7?
—:4R2: 4 2.2 2
X, 1 [7R2 +4n“r r
Ri(Ry + R»)7? Ri(Ri— R)7T?
=4R%: 1(R1 + R») +(4n2—1) 1(R1 2)
Rz RZ
R\2
= 4R} : {[(R1 + R2)* + (4n* — 1)(R1 — R»)?] (R—l)
2

It follows that the required radius r, is

ko 4R; Ry (R; — Ry)
kn (R1 + R2)? + (4n2 —1)(Ry — Rp)?

14. We apply an inversion that takes ¥; and X, to two intersecting
lines X and X7; its center is the point A4 of intersection of X; and 5. The

inversion takes the circles Sy, S, S3, ... tocircles S7, S5, S%, ... inscribed
in the angle formed by X} and X/, (Figure 160); clearly, if r{, 7}, 7}, ... are
the radii of the circles S7, S5, S%,... and d{,d}, dj, ... are the distances
from their centers to the line A B, then

r _ r} _ r; _

i dy o dy

(the circles S|, S5, S5 are centrally similar with center of similarity B”). But
the circles Sy, Sz, S3, ... are centrally similar to the circles S|, S5, S} with
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FIGURE 160

center of similarity A; hence

r1 r r r} r3 r;

GTa Ry s

which implies that
r 2 3

di  dy ds T
Further, using the designations of Figure 160, we have
ooy dy sin ZO1B'P

d{  O}B’ " OyB’" sinZO,B'Q

- o tap s o tap
SIn ——5— Sin ——5—

. - i o0p—ap
TR o) SR

Hence
sin 91tee
. a]—oo
sin =5=%

o =

where, by property C of inversion, «; and o5 are the angles formed by X
and X, with the common chord AB.

15. (a) We apply an inversion that takes ¥ and the line AB to two
intersecting lines X’ and AB (its center is the endpoint A of the diameter
AB of X); by property C of inversion, X’ is perpendicular to AB. We
take the power of the inversion to be 2R; then B is fixed. The circles
So, 81, 82, ... go over to circles Sy, S7, S5, ... in the right angle formed
by AB and X’ (Figure 161).

The center of X goes over to a point O’ such that

_ AB?> 4R*
T A0 R

A0’ 4R;
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hence the radius rj = BO’ of S is 4R — 2R = 2R. Further, the pair of
circles S5, S| is centrally similar to the pair of circles S}, ¢ with center of
similarity B; hence

!/ /!
_n
/! /!
ryoorh
(here ri,r5, ... are the radii of the circles S7,S5,...). Put r{/rj = .
Then
ro_ ro_ g2
ry = row, ry, =riw = riw.

In much the same way we show that

ro_ 7.3 /o 4 ! . ,n
3 =T1,w = row-, Py =Fow ..., I, =Tyw" .

It is easy to determine w. Let Oj and O be the centers of S, and S| and
let M be their point of tangency. Clearly,

0B = {2, O\B=0B—(ry+r)=ri(v2-1)—7r]
and
OB =r|/2.

Hence
ri V2-1

(V2 —=1)—r =12, w=-L= .
O( ) 1 1 r(/) \/E—f—l
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and
V2-1
V2+1

Now we make use of the fact that the circles S, and S, are centrally
similar with coefficient of similarity %, where k = 4R? is the power of the
inversion and kj, is the square of the tangent from A4 to S,. Let Ty, T3, ...

n

n

be the points at which S, S2, ... touch AB; considerations of similarity
imply that

BTw _ 1y _ o

BO’ g
hence

BT, = BO'-o" = 2Ro", AT, =2R+2R-o" =2R(1 + »").

Therefore
k 4R? 1

kn  AR2(1+0")?2  (I+o")?2
All these yield for r,, the value
1 10}

k
= JRo"=2R—2
kn ™ (14 0m)? (14 o)?

where w = (v2— 1)/ (V2 + 1).

(b) Using the result in (a), we have

n
Iy =

2R (140" 1+420"+0*

2ty p p
'n w W

—w”+L+2
= - R
w

where
V2-1 1 V241
w=——, —=—
V2+1 o J2-1
Eliminating the radicals in the denominators of the fractions @ and % we
get:

wo (2D =3-2V2; L_(2+17 =342V2;

2—1 w 2—1
hence

20, = 3—2v2)" + (3 +2V2)" +2.

[This formula implies readily that #,, is a whole number for all values of 7.]
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The sum w + % is a whole number: w + % = 6. Since the product
w - % =1, w and % are the roots of the quadratic equation

x2—6x+1=0.
Now we prove that
ty = 6tp_1 —th—n — 4.
Clearly,

2ty —6-2ty—1 + 212 + 8
1 n 1 n—1
= [w" + (—) + 2} —6|:a)”_1 + (—) + 2]
w w
1 n—2
+ [w"‘z + (—) +2] +38
w
\" 721/ 1)\? 1
= 0" (0* — 60w + 1) + (—) [(—) —6(—) +1:| =0,
w w w

forw?—6w+1 = (l)2 - 6(%) +1 = 0. This implies the required formula.

w
To complete the solution of the problem it suffices to note that

210 =(3-2v2)° + 3 +2v2)° +2 =4
21 =(3-2v2)+(3+2V2)+2=8.

16. The statement of this problem is rather involved but its solution is
relatively straightforward. The definition of a chain implies that inversion
takes a chain of circles to a chain of circles. But any pair of nonintersecting
circles can be taken by inversion to a pair of concentric circles (see Theorem
2 on p. 22). Hence every chain can be changed by inversion to a simpler
chain based on a pair of concentric circles (Figure 162). This remark implies
all the assertions of the problem.

(a) The relevant assertion is obvious for a pair of concentric circles ¥/,
and must therefore hold for any pair of nonintersecting circles.
¥/, and must therefore hold for any pair of t ting circl

(b) Clearly, for a pair of concentric circles X/, E’z to serve as a base
of a chain of circles it is necessary and sufficient that the angle o, between
the tangents /{, [;, from the common center O of X} and X/, to any circle
S’ tangent to X/ and X/, (to one externally and to the other internally; see
Figure 162), be commensurable with 360°.

If « = 2 -360° then, clearly, the chain with base X, X/, contains n
circles, and the points of tangency between the circles of the chain and X/,
taken in the same order as that of the circles of the chain, traverse E’l m



Solutions: Section 1 193

FIGURE 162

times. Going back by inversion from the pair ¥, ¥/, to any pair X, X, of
nonintersecting circles we see that it can serve as a base of a chain if and
only if the angle o between two circles /1 and /5, perpendicular to X; and
¥, and tangent to a circle S—which, in turn, is tangent to ¥; and 3, (in
the way required of the circles of the chain, that is, in the same way if
and X, are exterior to one another, and in opposite ways if the smaller one
of these circles is in the interior of the larger one)—is commensurable with
360°; an extra insight is that this angle depends only on ¥; and ¥, and
not on the choice of S. However, one can obtain a more explicit expression
for .

We return to the case of a pair of concentric circles = and ). Let S*',
52 be a pair of circles tangent to ¥ and X, as shown in Figure 163. We
will prove that the angle between S, S’ is . Let the radii of ¥/ and X,
be ry and r,; assume for definiteness that r; > r,. Clearly, the radius of
a circle S’ tangent to X} and X is 215”2, and the radii of the circles S’
and S? are %; the distance from O to the center of S’ is %, and
the distances from O to the centers of S and S2’ are f572. From this we

FIGURE 163
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readily deduce that o = 2arcsin {122 (in the right triangle in Figure 162

OA — r1+r2’ AP — 71_72).

2 2

By joining the centers of S U and $% to a point Q of their intersection
we obtain an isosceles triangle with base 2% and lateral side %; this
implies that the angle between the radii of S " and S?’ that terminate at a
point of their intersection, or—which is the same thing—the angle between
SV and S?', is also 2 arcsin :l‘ J_r:i,

Now using an inversion to go from the pair X7, ¥/, to a pair of nonin-
tersecting circles 3; and ¥, we find that the angle « is equal to the angle
between a pair of circles St s2 tangent to ¥, and X, at the points of
intersection of ¥ and X, with a circle perpendicular to ¥; and to X, (the
common diameter of ¥ and ¥, goes over to this circle). Also, S 1 and §2
are not tangent to ¥; and X, in the way in which circles of a chain with
base ¥; and X, are tangent to these circles (thatis, S Land S? touch =, and
¥, the same way if ¥, and X, are inside one another and in different ways
if they are outside one another). This, in particular, implies the proposition
in 16(b).

which is what we were to prove.

(c) We again consider a pair of concentric circles X, X. Let S| and
S, .1 be circles tangent to X} and X/, in diametrically opposite points (in
the way in which circles of a chain are supposed to touch X} and X/; see
Figure 163).

It is clear that the circles S!" and S2’ that appear in problem 16(b) are
the same for the pairs X/, X}, and S7, S, ;. We leave it to the reader to try
to explain why one should not regard the angles « and o’ as equal but as
supplementary (o + o’ = 180° = 1 -360°).

Notes to Section 1

! Four circles every three of which meet in a point need not all meet in
a point (four such circles can be obtained by applying an inversion to the
sides of a triangle and its circumcircle). But if n (= 5) pairwise different
circles are such that every three of them meet in a point, then all n of them
must meet in a point.

2 Qur solution of problem 7(a) is based on the theorems in problems 6(a)
and 6(b). One can also solve this problem by using the theorem in problem
6(c).
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3 To claim with certainty that S coincides with S; we must show that the
angles formed by these circles with S are not only equal but also directed in
the same way (the circles S; and 7 in Figure 158 form equal angles with
S and intersect it in the same points but nevertheless do not coincide).

It is easy to show that this condition is satisfied. In fact, assume that the
angle between S and S; at A is @ and is directed counterclockwise (that
is, the tangent to S at A can be made to coincide with the tangent to S
by rotating it counterclockwise through «); in that case, clearly, the angle
between S and S at D is also equal to « but is directed clockwise (see, for
example, Figure 158). Further, in view of the properties of inversion (see
the remark on p. 13), the angle between S and S, at B is equal to « and is
directed clockwise, the angle between S and S3 at C is equal to o and is
directed counterclockwise, and, finally, the angle between S and Sy at D is
equal to ¢ and is directed counterclockwise. Thus S; and S form with S
angles that coincide in magnitude as well as in direction.

FIGURE 158

# We leave it to the reader to prove that the three centers of similarity of
the circles Si, S», and S5 taken two at a time lie on a line.
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Section 2

17. Assume that the problem has been solved. The equality OX - OY =k
implies that X is obtained from Y on the line AN by applying an inversion
with center O and power k; therefore X is on the circle S obtained from
AN by the inversion with center O and power k (or —k), that is, X is
the point of intersection of the line AM and the circle S (which can be
constructed). The problem can have up to four solutions.

18. Assume that the problem has been solved and M N P Q is the required
parallelogram. The center of M N PQ coincides with the center of the given
parallelogram ABCD (Figure 164; see the solution of problem 30(b) on
p- 38 in NML 21). We are given the angle MON = « and we know
that 20M - ON sina = S (S is the area of MNPQ). If N’ is obtained
from N by a rotation through « about O, then ON’M is a single line and

Vg
\\

\\x?
Mfemm=="" "
R
VN .l
\\\ \_\,--"‘5l

bam === =TT
b py ~
\\F’
FIGURE 164

OM -ON' = Zsﬁm = k is a known quantity. Since N’ is on the line B'C’
obtained from BC by the rotation through « about O, we are back to the
preceding problem: draw a line through O which intersects given lines A B

and B’C’ in points M and N’ such that OM - ON' = k.

19. (a) Assume that the line / has been drawn and let X and Y be the feet
of the perpendiculars dropped from B and C to [; BX - CY = k (Figure
165). We move the triangle AY C parallel to the segment CB through a
distance CB to the position A’Y'B; A’ is easily determined from A4, B,
and C. Since A’Y’B is a right angle, the point Y’ is on the circle S with
diameter A’B; since BX - BY' = BX -CY = k, X is obtained from Y’ by
the inversion with center B and power k (or —k). Hence X is on the line S’
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FIGURE 165

obtained from S by this inversion. Also, X is on the circle S; with diameter
AB (for ZAXB = 90°); hence X is the point of intersection of the line S’
and the circle S;. The problem can have up to four solutions.

(b) Let X and Y be the feet of the perpendiculars from B and C to the
required line /, CY? — BX? = k; (Figure 166). We lay off on the line BX,
on both sides of X, segments XD and XD’ equal to Y C then

BD-BD' = (CY — BX)(CY + BX) = k,.

Let C; be a point symmetric to C with respectto A;then Cy D’ || CD | I.
We apply the inversion with center B and power ky (or —k1); let C’ be the
image of C; under this inversion. The line C; D’ goes over to the circle S
passing through B, C’, and D; since C; D’ 1 BD’, the segment BD is a

FIGURE 166
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diameter of S. It follows that D is on the perpendicular to BC; erected at
C’. Since, in addition, ZBDC = 90° (for CD || [), D is also a point of the
circle S1 with diameter BC'. The problem can have two solutions.

20. Let AjAAs... Ay be therequired polygon whose sides A1 A,, A» A3,
.oy An—1A4n, An A1 pass through the given points My, M>, ..., M,_1, M,
(Figure 167).

FIGURE 167

We apply the inversion /; with center M, and power £ M A - M1 A,
(the plus sign is used if M; is outside S and the minus sign if M is
inside S); the power of this inversion is easy to determine by passing
through M; a secant PQ of the circle S and keeping in mind the fact
that M1 Ay - M{A; = M P - M Q. This inversion takes S to itself and
the vertex A; of the required polygon to the vertex A,. Next we apply the
inversion I, with center M, and power + M3, A, - M, A3, then the inversion
I3 with center M3 and power = M3 A3 - M3 A4, and so on, ending with the
inversion [, with center M, and power =M, A, - M, A;. The inversions
I, I, ..., I, take S to itself; they take A; successively to A,, A3z, A4, ...
and finally back to A;.

Now let S} be a line or a circle passing through 4. The succession of in-
versions Iy, I», ..., I, takes S; to acircle (or line) S { also passing through
Ajy; knowing S{ we can determine the initial circle or line S; (for Sy can
be obtained from S { by applying to it the inversions I, In—1,..., 1>, 11 in
the indicated order: first I, then I,,—;, and so on).

It is clear that if the circle (or line) S; is to go over to the line S { then
the circle or line S,, obtained from S; as a result of the application of the
succession of inversions /Iy, I, ..., I,—1, must pass through the center M,
of the last of these inversions, or, equivalently, S; must pass through the
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point M, which goes over to M, as a result of the succession of inversions
I, I, ..., In_y; conversely, if Sy passes through M,,, then S7 is aline. It is
easy to obtain M, —itis the image of M, under the succession of inversions
I,—1,..., I, I applied in the indicated order. Similarly, if S is a line, then
the circle (or line) S passes through the point M,,, which is the image of
M under the succession of inversions I, I3, ..., I, (for I; takes the line
S1 to the circle S, passing through M7).

Now consider the line A1 M,,. Since it passes through M, it goes over
under the n successive inversions to a line; since A; M, is a line, the
resulting line passes through M. But the succession of n inversions takes
Aj toitself. Hence the sequence of n inversions Iy, I», ..., I, takes the line
A1 M,, to the line Ay M. At this point we must distinguish two cases.

1°. nis even (Figure 167). In that case, application of the sequence of
n inversions changes neither the size nor the direction of the angle between
the line M, A, and the circle S (see property C of inversion on p. 11 and
the remark on p. 12). It follows that the lines M, A; and M{A;, which
form at A; equal angles with the circle S, coincide. The point A; can be
obtained as the point of intersection of the line M, M| with S. Depending
on the disposition of M, M{ and S the problem can have two solutions, one
solution, or no solution; in the exceptional case of coincidence of M,, and
M| the problem is undetermined (in that case we can take as the vertex A4;
of the required polygon any point of the circle §).

2°. nisodd. In that case the lines M, A; and M| A, form with S angles
equal in magnitude but oppositely directed. Thus our problem reduces to
finding on S a point A; such that the lines M, Ay and M| A, form with S
angles equal in magnitude but oppositely directed (that is, such that M, A,
and M{A; are symmetric with respect to the radius OA4; of S). This turns
out to be a very complicated problem. This being so, we use a trick that
reduces the case of an odd n to the case of an even n. We consider the
sequence of n + 1 inversions Iy, I, I3, ..., I, I where I is a reflection
in S. This sequence of n 4 1 inversions takes S to itself; A; to A;; any
circle passing through A; and the point O’, which is the image of the
center O of S under the sequence of n inversions I, I,—1, In—2, ..., 11,
to a line passing through A4;; and any line passing through A; to a circle
or line passing through A; and the image M’ of M; under the sequence
of inversions I», I3, ..., 1,,I. Since n + 1 is even, it follows as before
that A; is a point common to S and the line M'O’. Depending on the
number of common points of S and M’ O’, the problem has two solutions,
one solution, or no solution. If M’ and O’ coincide, then the problem is
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undetermined.

If the directions of some of the sides of the polygon are known (but
not the points through which these sides pass), then the corresponding
inversions are replaced by reflections in the diameters of S perpendicular
to the given directions. Also, if in the sequence Iy, I, I3,...,I,, I of
inversions or reflections in lines the first k transformations I1, I, ..., I
and the last n — [ transformations /; 1, I; 42, ..., I, are reflections in lines
and I 4 and I; are inversions (here k + 1 can be 1 and / can be n; if n is
odd, then the sequence ends with the inversion I, = I and I; coincides with
that inversion), then the role of the point M, is played by the point M/, the
image of the center of the inversion /; under the sequence I;_y, I;_5, ..., I;
of inversions or reflections in lines, and the role of the point M| is played by
the point M 41> the image of the center My of the inversion /iy under
the sequence I 42, Ixy3, ..., I, (I) of inversions or reflections in lines.

Remark 1. It is possible to solve the problem for an odd n without introducing
the extra inversion /. In fact, one can show that the points M| and N{ must be
equidistant from the center O of S, this special property makes it easy to find
the point A;. For proof (of this property) note that if »n is odd, then the sequence
11,15, ..., Iy of n inversions takes the line M| M, not to itself but to a line passing
through M| (for M| My, is a line passing through M,,) and takes to it a line b passing
through M,,. By property C of inversion, the angle between b and M{ M, is equal to
the angle between M { M, and a; on the other hand, by the same property, all three
lines form equal angles with S (we are assuming that they intersect S). This implies
that M| and N/ are equidistant from O.

Remark 2. The idea of the present solution is very close to the idea of the first
solution of problem 15 on p. 28 in NML 8. One could also present a solution of
problem 20, whose idea is close to that of the second solution of problem 15 on p.
87 in NML 8. This is a more substantive solution than the one just given. The reason
we did not do this is that it calls for the development of the fairly complicated theory
of composition of inversions (the product of two inversions is not an inversion), a
theory of which we make no use in the sequel.

21.(a) Apply an inversion with center A. Then B goes over to a point B’,
the circle (or line) S to a circle (or line) S’, and the required circle ¥ to a
circle ¥’ which passes through B’ and is tangent to the circle S’ (or parallel
to the line S”). After constructing X’ we can easily obtain the circle (or line)
Y. The problem has two solutions, one solution, or no solution.

(b) The solution of this problem is very similar to the solution of
problem (a). We apply an arbitrary inversion with center A. Then S; and
S> go over to new circles S| and S and the required circle ¥ goes over to
a common tangent ¥’ of S| and S5. The latter can be constructed.

The problem has up to four solutions (see Figure 168).
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Se—————

FIGURE 168

Remark. If S { and Sé have four common tangents, then symmetry considera-
tions imply that the points of tangency of S1 and S} with the common outer tangents
are concyclic, the points of tangency of S7 and S5 with the common inner tangents
are concyclic, and the points of intersection of the common outer tangents with
the common inner tangents are also concyclic (it is not difficult to show that these
three circles are concentric and their common center is the midpoint of the segment
070/, where O and O}, are the centers of §] and S5). By property B4 of inversion,
this implies that the eight points of tangency of S and S> with the four circles
passing through A and tangent to S and S, (here we are assuming that there are
four such circles) lie in sets of four on two circles, and that the points of intersection
other than A of the circles tangent to S; and S3 in a like-name manner with the
circles tangent to S; and S in an unlike-name manner are concyclic (Figure 168;
we note that since inversion does not take the center of a circle to the center of the
image circle, these three circles are not concentric).

22. (a) In accordance with the definition of a reflection in a circle (see
pp. 1-4), the required circle (or line) X must pass also through the point A’
symmetric to A with respect to the circle (or line) S. If A” # B, then the
problem has a unique solution; if A” = B the problem is undetermined.

Second solution. Under an inversion with center A, the point B goes
over to a new point B’, the circle S goes over to a circle (or line) S/, and
the required circle (or line) X goes over to a line ¥’ passing through B and
perpendicular to the circle (or line) S’ (that is, passing through the center
of S’ if the latter is a circle). After constructing ¥’ we can easily find X. In
general, the problem has a unique solution; if B’ coincides with the center
of S’, then the problem is undetermined.
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(b) Let O be the center of S and r its radius. The required circle (or
line) ¥ must pass through the point A’, obtained from A by the inversion
with center O and power —r2 (see the text in fine print on p. 6). In general,
the problem has a unique solution; if A’ coincides with B the problem is
undetermined.

23. (a) In accordance with the definition of a reflection in a circle, the
required circle (or line) ¥ must pass through the points A’ and A”, sym-
metric to A with respect to the circles (or lines) S; and S,. In general, the
problem has a unique solution (if A’ coincides with A”, then the problem is
undetermined, but if A is one of the two points of intersection of S; and S5,
then the problem has no solution).

Second solution. An inversion with center A takes the circles S and S,
to circles (or a circle and a line, or two lines) S { and Sé, and the required
circle (or line) X to the line X’ perpendicular to S| and S} (that is, passing
through the centers of S and S} if the latter are circles). After constructing
3" we can easily find X. In general, the problem has a unique solution;
if 87 and S, are concentric circles or parallel lines, then the problem is
undetermined; if S| and S, are intersecting lines, then the problem has no
solution.

(b) Let O; and O, be the centers, and r; and r, the radii, of the circles
S1 and S;. The required circle (or line) X must pass through the point A,
obtained from A by the inversion with center O; and power '"12 Gf S;isa
line, then A’ is symmetric to A with respect to S7), and through the point
A", obtained from A by the inversion with center O, and power —rz2 (see
the solutions of problems 22(a) and 22(b)). In general, the problem has a
unique solution; if A’ coincides with A”, then the problem is undetermined.

(¢) Let Oq and O, be the centers, and r; and r, the radii, of the circles
S1 and S5. The required circle (or line) ¥ must pass through the points A’
and A”, obtained from A by the inversions with centers O; and O, and
powers —r# and —rZ. In general, the problem has a unique solution; if A’
coincides with A”, then the problem is undetermined.

24. (a) An inversion with center A takes the point B to another point B’
and the circle (or line) S to a circle (or line) S’; the required circle (or line)
Y goes over to a line ¥’ which cuts S’ at a given angle «. But if ¥’ cuts
the known circle S’ at a given angle o (Figure 169), then the arc cut off
by X’ on the circle E/ is 2, and, consequently, we know the distance from
¥’ to the center of S’; in other words, X/ is tangent to §/, concentric with
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FIGURE 169

S’, which we can construct. After constructing X’ we can obtain X. The
problem can have two solutions, one solution, or no solution.

(b) An inversion with center A takes S; and S, to circles (or lines,
or a circle and a line) S{ and Sé, and the required circle (or line) X to a
line X’ which cuts S and S} at angles o and B, that is,—if S| and S,
are circles—to a common tangent of the auxiliary circles E/l and E/z (see
the solution of problem (a)). After constructing X’ we can obtain X. The
problem can have up to four solutions; if S] and S) are lines, then the
problem has no solution or is undetermined.

25. We consider separately three cases.

1°. 7 and S, intersect one another. We take S and S» by an inversion
to two intersecting lines S| and S} (see Theorem 2 in Section 1, p. 22;
the solution of the problem is simplified if S; and S, are lines to begin
with). This inversion takes the required circle (or line) X to a circle ¥’ with
center at the point O of intersection of S| and S} (for the center of a circle
perpendicular to S7 and S} must lie on both lines). If we can construct X’
then we can easily construct 2.

2°. §; and S, are tangent to one another. In that case we can take S; and
S» by an inversion to two parallel lines S] and S (see Theorem 2 in Section
1, p. 22; the solution of the problem is simplified if S; and S, are parallel
lines to begin with). The required circle (or line) X goes over to a (circle or)
line X’ perpendicular to S and SJ; clearly, X' is a line perpendicular to the
common direction of S{ and S}. If we can construct X’ then we can easily
construct .

3°. S; and S, are disjoint. In that case we can take S; and S, by an
inversion to two concentric circles S| and S, (see Theorem 2 in Section 1,
p. 22; the solution of the problem is simplified if S; and S are concentric
circles to begin with). The required circle (or line) X goes over to a (circle
or) line ¥’ perpendicular to S and S}, that is, to a line passing through
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the common center O of the circles S| and S} (see pp. 45-46). If we can
construct 3’ then we can easily construct X.

We analyze separately problems (a), (b), and (c).

(a) Inthe case 1° the problem is reduced to constructing a circle ¥’ with
given center O, perpendicular to the circle or line S}, which is the image of
S3 under our inversion (if Sg is a circle, then the radius of X is equal to the
segment of the tangent from O to S3); in the case 2° the problem is reduced
to constructing a line X’ with given direction, perpendicular to the circle (or
line) S5 (if S} is a circle, then X’ passes through its center); in the case 3°
the problem is reduced to constructing a line ¥’ passing through the given
point O and perpendicular to the circle (or line) S} (if S} is a circle, then
Y’ passes through its center). In general, the problem has a unique solution;
in the case 1° the problem has no solution if O is in the interior of S%; in
the case 3° the problem is undetermined if O is the center of S%; if Sy, Sa,
and S5 are three lines, then the problem has no solution or is undetermined.

(b) In the case 1° the problem is reduced to constructing a circle X’
with given center O, tangent to the circle (or line) S g which is the image of
S35 under our inversion; in the case 2° the problem is reduced to constructing
aline X’ with given direction tangent to the circle S} (or parallel to the line
S%); in the case 3° the problem is reduced to constructing a line X’ passing
through the given point O and tangent to the circle S} (or parallel to the line
S;). The problem has two solutions, one solution, or no solution; if Sy, S»,
and S are three lines, then the problem has no solution or is undetermined.

(¢) In the case 1° the problem is reduced to constructing a circle X’
with given center O that cuts the circle (or line) S%, the image of S3 under
our inversion, at an angle «. If S} is a circle with center O} which intersects
Y’ at A, then we know the angle OAO0}, namely, ZOAO} = « (see p. 2);
this enables us to determine A and therefore also X'. If S} is a line that
intersects ¥’ in points A and B, then we know the angles of the isosceles
triangle AOB; this enables us to determine X'.

In the case 2°, the problem is reduced to constructing a line X’ with given
direction that cuts the circle (or line) Sé at an angle o (if Sé is a circle, then
3’ is tangent to a determined circle E; concentric with Sé; see the solution
of problem 24(a)).

In the case 3°, the problem is reduced to constructing a line ¥’ passing
through a given point O and cutting a known circle (or line) S} at an angle
o (if S; is a circle, then the line X/ is tangent to a determined circle F;).
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The problem has two solutions, one solution, or no solution; if S { and Sé
are parallel lines, then the solution of the problem can also be undetermined.

26. The problem can be solved in a manner similar to the solution of
problem 25. We consider separately three cases.

1°. S; and S, intersect one another. In this case one can take S and S,
by inversion to intersecting lines S and S5; this inversion takes the required
circle (or line) T to a circle ¥’ tangent to these lines.

2°, §; and S5 are tangent to one another. In this case one can take S
and S, by inversion to two parallel lines S and S); this inversion takes the
required circle (or line) X to a circle X’ tangent to S} and S, or to a line
Y’ parallel to S7 and S} (if X’ is a circle, then its center is on the midline
of the strip formed by S} and S/, and its radius is equal to half the distance
between S7 and S)).

3°. S and S, have no common points. In this case one can take S
and S> by an inversion to two concentric circles S| and S3; this inversion
takes the required circle (or line) X to a circle X' tangent to S{ and S, (the
center of X’ lies on the circle concentric with S; and S’ whose radius is
half the sum or difference of the radii of S7 and S}, and the radius of X’
is, respectively, half the difference or sum of the radii of S| and S}; Figure
170).

FIGURE 170

Now we consider our problems (a) and (b).

(a) First solution. In cases 1° and 2° our problem is reduced to the
construction of a circle ¥’ tangent to the lines S| and S, and to the known
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circle (or line) S5—the image of S3 under our inversion (if S} is a circle,
then the problem is identical with problem 13(c) on p. 18 in NML 21). In
case 3° the problem is reduced to the construction of a circle ¥’ tangent
to the concentric circles S| and S} and the known circle (or line) Sj. This
problem is easily solved, for we know the radius of X/ and the circle one of
whose points is the center of X’ (see Figure 170).

The problem can have up to eight solutions; if S7, S5, and S} are parallel
lines (that is, S7, S5, and S} are tangent at a single point), then the problem
is undetermined.

Another solution of this problem is given after the solution of problem (b).

(b) In cases 1° and 2° the problem is reduced to problem 34 on p. 39
in NML 21. We consider the case 3°. Let S} be a circle with center O} that
meets the required circle X’ with center O’ at A. In the triangle O’AO}
we know the sides O5A and O’A (the latter is equal to %, where 7]
and r, are the radii of S7 and S}) and the angle O’A0j%; we can therefore
determine the distance O} 0’ and then find X'. If S} is a line that intersects
the circle ¥’ with center O’ in points A and B, then we know the angles and
lateral sides of the isosceles triangle O’ A B; this enables us to determine its

altitude, the distance of O’ from S5, and then to construct X’ R

Second solution of problem (a). Let Ay, Az, and A3 be the points in
which the required circle ¥ touches the given circles Sy, S», and S5 (Figure
171; we restrict ourselves to the case in which S1, S, and S5 are circles).
Then the line A; A passes through the center of similarity O; of the circles
S1 and S,, and the inversion with center at O;—which takes S; to S,—
takes A to A (see problem 1 in Section 1 and its solution). In much the
same way, the line A, A3 passes through the center of similarity O, of the
circles S, and S3, and the inversion with center at O,—which takes S,
to Sz3—takes A, to As; finally, the line A3A4; passes through the center
of similarity O3 of the circles S3 and 1, and the inversion with center at
O1—which takes S5 to S1—takes A3 to A;.

Now we apply the sequence of inversions I, I, I3. This sequence takes
S1 to itself and fixes A;. We can find A; as in the solution of problem
20; the fact that in the solution of problem 20 each of the inversions
I, I, ..., I, took S to itself is irrelevant. Since three is an odd number,
we must introduce the reflection I in S; and seek on S; a point A fixed by
the sequence of inversions /1, I», I3, I. Once A; has been found, it is easy
to construct X.

Each of the inversions Iy, I», I3, which interchange two given circles,
can be chosen in two ways (see the text in fine print on p. 10; if S; and S,
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FIGURE 171

are congruent, then, instead of the inversion /1, we can take the reflection in
the perpendicular to the segment joining the centers of S; and S, erected at
its midpoint). This implies that the problem can have up to eight solutions.

27. (a) This problem generalizes problems 25 and 26 and is solved in a
manner similar to their solutions. We again consider the same three cases as
those in the solution of the previous problem.

1°. S and S, intersect one another. Then we can take them by inversion
to two intersecting lines S| and S); the inversion will take the required
circle (or line) X to a circle (or line) X’ which cuts the lines S| and S at
given angles o and f3.

Let T be an arbitrary circle. Let FII and ?2 be two lines forming the
same angle as the circles S| and S/, and let these two lines cut X’ at angles
o and B (Figure 172a). The angles, formed with the lines §/1 and f/z by the
tangents 7; and 7, to f/, drawn from the point of intersection of E/l and
?2, depend only on « and B and not on the radius of f/; hence we can
determine them by constructing arbitrarily & and then the lines S, and 5.
Now we draw through the point of intersection of S| and S} lines #; and #,
which form the same angles with S and S, as 71 and 7, with F/l and E;;
the lines #; and 7, will be tangent to Y. Thus our problem is reduced to the
construction of a circle X', tangent to the known lines #; and #,, and cutting
at a given angle y the circle (or line) S, which is the image of S3 under our
inversion, that is, to a special case of problem 26(b).

2°, S; and S, are tangent to one another. In this case, we can take S
and S, by inversion to two parallel lines S| and S; here the required circle
(or line) X will go over to a circle ¥’ which cuts the parallel lines S| and
S, at known angles o and .
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(a) (b)
FIGURE 172

Let &' be an arbitrary circle and let S; and S, be two parallel lines that
cut Y at angles « and B (Figure 172b). We draw tangents 7, and 7, parallel
to §/1 and F’z. Clearly, the distances between the lines 71 and 7 and §/1 and
?2 depend only on the angles @ and 8 and not on the circle f/; we can
determine them by drawing an arbitrary circle Y and then the lines f/l and
Elz- After constructing lines ¢1 and 7, such that the quartet of lines S7, Sé,
t1, Iy is similar to the quartet of lines E/l, 3/2, 11, I, we again arrive at the
problem of constructing a circle 3’ tangent to known (parallel) lines #; and
t, that cut the circle (or line) S g—the image of S3 under our inversion—at
a known angle y.

3°. S; and S, are disjoint. In this case we take S and S by inversion
to two concentric circles S| and S/ ; here the required circle (or line) X will
go over to a circle (or line) ¥’ which cuts S| and S} at angles « and f.

We construct the circle X’ which cuts S| and S} at angles « and 8 and
intersects S in the given point M (see problem 24(b)?). The problem of
constructing ¥’ can have up to four solutions; the radius of ¥’ and the
distance between the centers of X' and S| depend only on the circles S}
and S and on the angles & and $ and not on the position of M. That is why
the circles that cut the concentric circles S and S} at angles « and § form,
in general, four families, each of which consists of distinct circles whose
centers are at the same distance from the common center of S{ and S7,. We
must find the circles of those families which cut the given circle (or line)
S at the given angle y. By making use of the fact that all circles of a given
radius which cut the circle (or line) S} at a given angle y touch a circle 3/3
concentric with S5 (or line 3/3 parallel to S3) we can easily construct ¥/,
and then the required circle X.
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The problem has up to eight solutions; if 7, S}, and S7 are lines, then
the problem can turn out to be indeterminate.

(b) This problem can be reduced to the previous problem by the fol-
lowing device. Let the length of the common tangent M N of a circle ¥ and
a given circle S; with center Oy and radius r; be equal to a given segment
ay; we assume for definiteness that M N is the common outer tangent of
the circles S; and ¥ (Figure 174). Then the point N is on a circle S
concentric with Sy with radius ,/r? + a?. Since the radius ON of ¥ is
perpendicular to M N, the angle o between the circles S; and X has the
known value ZONO; = ZNO1 M (= arctan [:_11)‘ In much the same way
we can construct two more circles S, and S'3, concentric with S and S3
respectively, with which the required circle ¥ forms known angles. Then
all we need do is construct the circle ¥ which forms given angles with the
circles Si, S, and S3, that is, we have reduced problem (b) to problem (a).

28. We draw a circle with center at B and radius BA and make on it marks
M, N, C suchthat AM = MN = NC = BA (Figure 175). Clearly, AM,

M V4

FIGURE 175
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MN, and NC are sides of a hexagon inscribed in the circle; hence C and
A are diametrically opposite points of the circle, that is, C, B, and A are
collinearand AB = BC.

29. Let A be outside X (Figure 176a). We draw a circle with center A and
radius AO (O is the center of X); let M and N be the points of intersection
of this circle with the circle . We draw two circles with centers M and
N and radii MO and NO. The point A’, common to these two circles, is
the required point: in fact, the similarity of the isosceles triangles AOM
and MOA’ with common base angle implies that % = %, whence
OA - 0A' = OM?, which is what we were to show. [We note that this
construction is simpler than the construction in the text (p. 33), which uses

both ruler and compass.]

(a) (b)
FIGURE 176

If A is inside X, then our construction can be carried out only if the
circle with center A and radius AO intersects X in two points (that is, if the
distance OA from A to the center of X is greater than half the radius of X;
see Figure 176b). However, for any point A we can find an integer n such
that n - OA is greater than half the radius of X. We find on the extension of
OA beyond A a point B such that OB = n - OA (see the remark in the text
following problem 28), and then we construct the point B’ symmetric to B
with respect to S (in Figure 177, n = 2). Now if A is a point on the line
OA such that OA’ =n- OB’, then OA- OA’ = OB - OB/, thatis, A’ is the
required point symmetric to A with respect to X.



Solutions: Section 2 211

FIGURE 177

30. We draw any circle ¥ with center at a point A of the given circle S
which intersects S at points P and Q; further, let K be a point symmetric
to A with respect to the line PQ (Figure 178; it is obvious how to construct
K with compass alone). The similarity of the isosceles triangles APK and
AOP (O is the required center of §) with common base angle implies that
% = %, that is, AK - AO = APZ?. Since O is symmetric to K with
respect to the circle X, we can construct it (see the previous problem).

z
,5'
S
g
FIGURE 178

31. The solution of this problem is very similar to the solution of the
previous problem. We draw the circle ¥ with center at A and radius AB
(Figure 179). The point B plays the role of the point P in the previous
construction. But we do not know the second point B; of the intersection of
Y with the required circle S, which is why we are not able to construct the
point K symmetric to A with respect to the common chord of S and X. To
get around this difficulty, we note that the image of S under reflection in £
is the line BB; (for S passes through the center of X); hence the point C’,
symmetric to C with respect to X (see problem 29) is on that line. Knowing
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4
FIGURE 179

B and C’ we can easily find K, symmetric to A with respect to the chord
BC’. The subsequent construction of the center of S is the same as in the
previous problem; having found its center we can construct S itself.

32. (a) First solution. We take three points A, B, and C on the line / (when
it comes to finding the third point on the line it is useful to look at problem
28), obtain the points A’, B’, and C’ symmetric to A, B, and C with respect
to the circle ¥ (see problem 29), and then construct the circle S passing
through A’, B’, and C’ (problem 31). Clearly, S is the required circle.

Second solution. Let O be the center of ¥ (problem 30), K the point
symmetric to O with respect to the line AB, and O; the point symmetric
to K with respect to ¥ (Figure 180). We claim that O; is the center of the
required circle S; we can now construct S using its center O; and one of
its points O. In fact, let K; be the point of intersection of lines OK and /,
and let L be the second point of intersection of the required circle S with
the line OK. The points L and K; are symmetric with respect to X (see
the proof of property B, of inversion, p. 8), and since OL = 20 01, where
0, is the center of S, OK;, = %OK, it follows that O and K are also
symmetric with respect to X, that is, O coincides with O;.

FIGURE 180



Solutions: Section 2 213

(b) First solution. Let A, B, and C be three points on the circle S and
let A’, B’, and C’ be symmetric to A, B, and C with respect to the circle X
(problem 29). Clearly, the circle S’ passing through A’, B’, and C’ (problem
31) is the required circle.

Second solution. Let O and O; be the centers of circles > and S, R and
r their radii, d = O O; the distance between the centers of X and S, K the
point symmetric to O with respect to S (problem 29), and O} symmetric
to K with respect to X (Figure 181). We claim that O is the center of the
required circle S’; we can construct S’ if we know its center O7 and one of
its points A’ (symmetric to some point A of S with respect to X).3 In fact,
010-0,K = r? whence 01K = 2, KO = d + 7 = €22 Using
also the equality OK - 007 = R? we obtain

00, OK R* 00, R> KO, R> r?

00, KO, r2° 00, 2 OK 12 d2xs2
and finally

00, k

00, ki

where
k=R ki=d>+r%

Thus Of is centrally similar to O; with center of similarity O and
coefficient of similarity ,f—l, which implies our assertion (see the proof of
property B4 of inversion, p. 9).

<5 =

FIGURE 181

Notes to Section 2

1 One can show that the circle ¥’ with known radius %, which

intersects the given circle (or line) S5, is tangent to a definite circle (or
. -/ . .
line) S5 concentric with (or parallel to) S g
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2 Here is yet another construction. Let N be the point of intersection of bl
and S}, O; and O the centers of S| (and S%) and ¥ (Figure 173). We rotate
the triangle ON O; about O through the angle NOM into position OM Oy.
We can construct the point O] because we know the distance M O] = NO;
and the angle O, MO} (for ZOMO, = a, ZOMO|; = ZONO; = p);
then it is easy to find O (for ZO1;MO = « and 0,0 = 0] 0).

FIGURE 173

3 Figure 181 represents the case when S and ¥ intersect one another; in
that (simpler) case we can take for A’ a point of intersection of S and X.

Section 3

33. The assertion of the problem is a special case of the theorem: The
three radical axes of three circles taken two at a time meet in a point or are
parallel (see p. 53).

34. Since the common chord is the radical axis of two circles, the tangents
from any of its points to the circles are equal.

35. If P isapoint of the required locus, then PA- PB = PM? (a property
of a tangent and secant of the circle X). Hence the power PA- PB of P with
respect to S is equal to the power PM 2 of this point with respect to the point
M (see p. 50). It follows that P is on the radical axis r of the point M and
the circle S.
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36. (a) If S is aline parallel to A B, then the required circle X is tangent
to S at the midpoint of the segment A; B;, where A; and B; are the
projections of A and B on S (Figure 182a). If S is a line that intersects A B
at M, then we know the power M A - M B of M with respect to the required
circle X, and thus the length of the segment M T between M and the point
of tangency of S and X; the problem can have two solutions (Figure 182b).
Thus it remains to consider the case when S is a circle. We draw an arbitrary
circle S passing through A and B and intersecting S at points M and N
(Figure 182¢). The radical axis of the required circle X and of S is the line
AB; the radical axis of S and S is the line MN: and the radical axis of
Y and S is their common tangent ¢. Hence ¢ is the tangent to S passing
through the point Z of intersection of lines AB and M N, the radical center
of S,S,and X (and if MN || AB, then, likewise, ¢ | AB). The problem
can have two solutions, one solution, or no solution.
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FIGURE 182

(b) If S; and S> do not intersect one another, then all circles perpen-
dicular to S and S, pass through two points A and B (see p. 46); hence
problem (b) reduces to problem (a). [In order to determine A and B it
suffices to draw two circles perpendicular to S; and S>; as the centers of
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these circles we can take any two points of the radical axis of S; and S5, and
their radii are equal to the lengths of the tangents drawn from their centers
to S; and S,.] If S; and S, are tangent to one another, then all circles
perpendicular to S; and S» pass through their point of tangency A and the
centers of all these circles lie on the radical axis r of S; and S, (which
passes through A); also, the center of the required circle X is equidistant
from the center O of the circle S and from the point D on the line r such
that AD is equal to the radius of S (or from the line S and from the line
through A perpendicular to r). If S; and S, intersect one another and S is
a line parallel to the line / of the centers of S; and S5 (the radical axis of
the pencil perpendicular to S and S3), then the required circle X is tangent
to S at the point P of intersection of S and the radical axis r of S§; and S,

e

FIGURE 183
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(the line of centers of the pencil perpendicular to S1 and S,; Figure 183a);
its center is the point of intersection of r and the radical axis r; of the circle
S and the point P. If the line S intersects / at a point J, and S is a circle
perpendicular to S; and S5, then the tangent T, drawn from J to S, is equal
to the tangent J 7', drawn from J to the required circle X (for / is the radical
axis of S and X) (Figure 183b; compare this with the solution of problem
(a)); the problem has two solutions. If S is a circle and S is some circle
perpendicular to S; and S, (Figure 183c), then the radical axis of S and
the required circle X is the line of centers of S; and S»; one can construct
the radical axis 7 of S and S. Hence the radical axis ¢ of the circles ¥ and
S—their common tangent—passes through the point Z of intersection of [
and r, or is parallel to [ if / || r (compare this with the solution of problem
().

The problem can have two solutions, one solution, or no solution; if S;
and S, are tangent to one another, and S passes through their point of
tangency and is perpendicular to them, then the problem is undetermined.

37. (a) First solution. The circles perpendicular to S; and S, form a
pencil; we are required to find the circle of this pencil passing through M.
If S; and S, do not intersect one another, then the circles of the pencil pass
through two definite points A and B (see the solution of problem 36(b));
the required circle S passes through A, B, and M. If S; and S, are tangent
at A, then the center of the required circle S lies on the intersection of
the common tangent r of the circles Sy and S, (their radical axis) and the
perpendicular to the segment AM erected at its midpoint. Finally, if S and
S intersect one another in points A and B (Figure 184), then we draw the
circle S through A, B, and M — a circle of the pencil which includes Sy

r

e

FIGURE 184
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and S,. The required circle X is perpendicular to the whole pencil; hence
the center of X is the point of intersection of the radical axis of S; and S>
and the tangent to S at M.

Second solution. The center of the required circle ¥ coincides with the
point of intersection of the radical axis r of the circles S; and S, and the
radical axis r; of the circle S; and the point M (a “circle of zero radius”;
r1 passes through the midpoints of the tangents drawn from M to ).

(b) The center of the required circle ¥ is the point of intersection of the
radical axis r of the circle S; and the point M, and the line s, symmetric
to the radical axis r; of the circle S, and the point M with respect to the
midpoint of the segment O, M (O is the center of S5; see the text in fine
print on pp. 54-55).

(¢) The center of the required circle ¥ coincides with the point of
intersection of the line s, symmetric to the radical axis r of the circles S
and S, with respect to the midpoint of the segment 010, (O; and O, are
the centers of S; and S»), and the line s, symmetric to the radical axis r;
of the circle S and the point M with respect to the midpoint of the segment
O1M.

38. (a) The center of the required circle ¥ coincides with the radical
center of the circles S1, S», and S3 (see p. 53); its radius is equal to the
length of the tangent drawn from O to S;. The problem has one solution if
O is outside S, S, and S3 and none otherwise.

(b) The center of the required circle ¥ coincides with the point of
intersection of the lines s; and s,, symmetric to the radical axes r3 and
rp of the circles S; and S,, S; and S3, with respect to the midpoints of
the respective segments O; 0, and 003 (01, O,, and O3 are the centers
of the circles Sp, S», and S3; see the text in fine print on pp. 54-55);
passes through the points of intersection of S; with the perpendicular to
00 erected at O1. The problem always has a unique solution.

(c) The center of the required circle X coincides with the radical center
of the circles Si, S», and S3 (see the text in fine print on pp. 55-56);
Y intersects S; in points A and B such that AB passes through O and
AB L 00, (O is the center of S7). The problem has a unique solution if
O is in the interior of S1, S, and S3 and none otherwise.

39.(a) Let M be a point of the required locus, Q the projection of M on
the line of centers O; O, of the given circles S; and S, with radii r; and
rp (Figure 185a). By arguments similar to those on pp. 50-53 we obtain the
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equality
2010,-TQ =r} —r? +a,
where T is the midpoint of O 0. It follows that the required locus is a line
2.2

perpendicular to the line of centers (TQ = r12 orlzota is known), and thus
parallel to the radical axis.

(b) The formulas20,0,-TP = ;"12—;"22 (seep.52)and 20,0,-TQ =
r12 — r22 + a (see the solution of problem (a)) imply that

20102- QP =da.

In words: The difference a of the powers of a point M with respect to
two circles Sy and S is equal to twice the product of the distance 010,
between the centers of S1 and Sy by the distance QP = MP’ from M to
the radical axis r of Sy and S, (Figure 185a).

(a) (b)
FIGURE 185

Now let S be a circle in the same pencil as S; and S», M a point on §,
and 01, O, and O the centers of the circles Si, S», and S (Figure 185b).
Then the power of M with respect to S is zero. Therefore, by the theorem
just stated,

2001-MP/=CI1, 2002-MP/=a2,

where a; and a, are the powers of M with respect to S; and S». Hence

aq 0] 01

a 00y
In words: the ratio of the powers of a point M with respect to circles Sy
and S is equal to the distance from the center O of a circle in the pencil of
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circles containing S1 and S, to the centers of S1 and S, (here we assume
that M is not a point on the radical axis r of the circles S and S»; we recall
that through every point not on r there passes a unique circle of the pencil
containing S and S3; see p. 46).

It follows that the required locus is a circle if k # 1 and a lineif k = 1.
Knowing k one can easily construct the required locus.

40. (a) Let [ pass through the center of similarity O of the circles S
and S, (see Figure 57a in the text). Then the central similarity with center
O takes S to S, and / to itself; hence / forms equal angles o with S
and S,. This implies that the tangents to S; and S, at points A; and A,,
which correspond to one another under the central similarity, are parallel;
the tangents to S and S, at B; and B, are likewise parallel. Further, let
M be the point of intersection of the tangents to S; and S» at A; and By;
then ZMA B, = ZMB,A; = o, whence MA; = MB,, that is, M is
on the radical axis of S; and S». In much the same way one proves that the
tangents to S and S, at B; and A, meet in a point N on the radical axis.

(b) Let the tangents to S; and S at A; and A, meet in a point M (see
Figure 57b in the text). Let o7 and a, be the angles formed by [ with S
and S,. Then

MA, sinZMA,Aq _ sinop

MA, sin/MA;A,  sina;’

which implies that M is on the circle X, the locus of points such that the
ratio of their powers with respect to S; and S5 is % (see problem 39). In
much the same way we prove that the remaining three points of intersection
of the tangents to S at Ay, By with the tangents to S, at A5, B, also lie on
3.

Remark. The result in problem 39(b) implies that the circles X, S1, and S3 in
problem 40(b) belong to the same pencil.

41.Let Aj A2 A3 ... A, be an n-gon inscribed in S and circumscribed about
s. We are to show that if we move A; on S and consider the continuously
varying n-gon A} A, A% ... A, all of whose vertices lie on S and all of
whose sides except its last side A}, A} are tangent to s, then that side is
also tangent to s.

Let AjA2As... A, and A} ALA ... A, be two close positions of the
varying n-gon (Figure 186). We consider the quadrilateral A A} A, A). Let
R; and R; be the points in which the line MM/, joining the points M
and M| of tangency of A; A, and A A), with s, intersects A1 A} and A, A).



Solutions: Section 3 221

FIGURE 186

Figure 186 tells us that

LA R\Ry = ZR\M| A, + LR, A\ 4),
ZA/ZRle =/ZRyMA» + LRy, A» Aq.

But ZR1A A, = ZR,A>A; (both are subtended by the arc Ay A}, of the
circle §) and ZRyM{A| = ZR>M; A, (both are subtended by the arc
M M] of the circle s). Hence

LA\R Ry = LA, Ry Ry,

which implies that there exists a circle s” tangent to A1 A} and A>A) at R;
and R,. Also, the circle passing through the points of intersection of the
tangents to s and s’ at My, Ml’, and R;, R, that is, the circle S passing
through the points A;, A}, A,, A}, belongs to the same pencil as the circles
s and s’ (see the remark at the end of the solution of problem 40(b)); in
other words, s belongs to the same pencil as the circles S and s.

In much the same way we prove that there is a circle tangent to A, A)
and A3A’ at the points of intersection of A>A) and A3A% with the line
joining the points at which A> A3 and A% A’ are tangent to s; this circle—
denote it by s”—also belongs to the pencil which includes S and s. It
is very important to note that the circle s” coincides with the circle s'.
In fact, there are, in general, two circles of the pencil in question—the
pencil containing S and s—tangent to the line A, A’, (see the solution of
problem 36(b); this follows from the fact that every pencil of circles can be
taken by inversion to a set of concentric circles, or parallel lines, or lines
passing through a point). Let us assume that s’ and s” are two different
circles, and let us change the n-gon A} A, A’ ... A} continuously so that
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it tends to the n-gon A1 A2 A5 ... A,. As we do this, the circles s’ and s”
also change continuously; they will therefore tend to different circles of the
pencil containing S and s, circles tangent to the line tangent to S at A, (the
line A, A, tends to this very tangent). But this contradicts the fact that s’
and s” tend to one and the same circle S (for 414} and A, A/ tend to the
tangents to S at A1 and Ay).

We have shown that the circle s’ is tangent to the lines A; A}, A2 A}, and
A3z A%. In much the same way we show that it is also tangent to the lines
As Ay, AsAL, ..., A, A, Thus we see that there exists a circle s” tangent
to A1 A} and A,A),. Now we consider the quadrilateral A; A} A,A}; we
show—proceeding as we did earlier—that there exists a circle s, belonging
to the same pencil as s and s’, tangent to A; A, and A} A), (at the points
of intersection of these lines with the line joining the points Ry and R, at
which 4, A and A, A}, are tangent to s"). But A; 4, is tangent to the circle
s of this pencil. This implies that during the process of change of the n-gon
the side A; A, remains tangent to the same circle s. [A1 A, is also tangent
to a circle 57 of the pencil containing s, S, and s’; but, as is easy to see, the
points of intersection of Ry R, with A; A, lie inside the segments A A,
and A} A}, which implies that 5 coincides with s and not with s;.]

Remark. In much the same way we can prove the following more general
theorem: If an n-gon A1A>As... A, changes continuously but is at all times
inscribed in a circle S so that its sides A1 Ay, Ay A3, ..., Ap—1 Ayp remain tangent
to circles $1,52,...,Shp—1 in a single pencil which includes S, then its last side
Ap Ay remains tangent to a circle sy, in the same pencil. Also, every diagonal of the
n-gon A1 A2 Az ... A, remains tangent to a circle in the same pencil; in particular,
if, while changing continuously, the n-gon remains inscribed in a circle S and
circumscribed about a circle s, then each of its diagonals remains tangent to a circle
in a single pencil which includes S and s.

Section 4

42. (a) We apply an inversion with center at the point M and power 1.
Then the points Ay, A2, A3, ..., A, go over to collinear points A/, A}, A,
..., A} Let a be the length of a side of the regular n-gon (Figure 187).
Formula () (p. 61) implies that

A A = —a,
172 dldza

ALAY = ——a,
2473 d2d3
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\l
Vi
FIGURE 187
A’A’:—la P — a
344 d3d4 L n—14n dn—ldn ’
A AL = .
1 n dldna

Substituting all these expressions in the obvious relation
AL Ay, = AV A, + ALAL + ASA, + -+ A, _ | A,

and dividing both sides of the resulting equality by a we obtain the required
result.

(b) We denote by a a side of the regular n-gon and by b a chord which
subtends two sides of the n-gon. Let A}, A}, A%, ..., A, be the images of
the vertices of the n-gon under the inversion with center M and power 1.
Then we have (see the solution of problem (a)):

ANA = ——a,
172 dldz
1
ALA, = ——a, ..., A\A, = —a;
2473 dzd?, 1 n dldn
1
A, = ——p

dids
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1 1

ALAy = —+b,... A _ A = ——b,

2774 d2d4 n=2"n dn—zdn
’ ’ 1

4,47 = mbs
n—

A AL = Lb

n‘t2 dZdn .

Further,
1 1 1
dldza * d2d3a B d1d3b’
or ady + ads = bd»,
1 1 1
bd V4 T dda
or ad, + ady = bds,
1 1 1
ds’ T dads” T dads
or adz + ads = bd,,
1 1 1
dads" T dsds” T dads
or ads + adg = bds,

Al Ay + AL A = A| A, thatis,

Ay Al + AL A, = AL A, thatis, b,

AL A, + AL AL = AL AL, thatis, b,

AL AS + ALAy = AL Ay, thatis, b,

A, LA, + A,_ A, = A, _,A,, thatis,
1 1 1
a+ a= b, or ady,—5+ad, =bdy_1,
dn—Zdn—l dn—ldn dn—Zdn g g g
A,_ A, + A,_ A = A, A], thatis,
1 1 1
a+ b= a,
dn—ldn dn—ldl dndl
A, Ay + AL A = A1 A, thatis,
1 1 1
b = a,
bd, et T 4,

Adding all “final” equalities we obtain the equality

or ady + bd, = ad,—,

or bdy +ad, = ad,.

Q2a +b)(dy +ds +ds + -+ dn) = 2a + b)(ds + da + -+ dn_),

which implies the required result.
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FIGURE 188

43. (a) We apply an inversion with center M. Then the vertices Ay, A3,
Az, ..., Ay, of the inscribed 2n-gon go over to 2n collinear points A}, A5,
A}, ..., A, (Figure 188). The similarity of the triangles MA; A, and
M A, A (see p. 61) implies that

P1 MAl MA2 p% MAIMAZ

BV VTR or that —Zzﬁ,

p MA, MA, p MA| - M4,
here p’ is the distance from M to the line A}, A}, A%, ..., A},, that is, the
altitude of the triangle M A} A%. Similarly,

p% _ MAzMAg,
P2 MAy-MAY

p_§ MAs - MAy P%,,_l _ MAzy—1 - MAy,
P2 MA,-MA, T p? . MA,, | - MA,,

p%n MAZn . MAl
P2~ My, MA,

whence

P1p3ps- pan1\° _ MAy-MAy- MAs - MAy--- MAgy 1 - MA,
Iz T MA,-MA, - MA, - MA, - MA,,_, - MA,,

and

papaps - Pan\> _ MAy- MAs- MAy- MAs--- MAs, - MA,
pn MAL - MAY - MAy - MAL---MA,, - MA,

that is,
P1P3pPs5 - Pan—1 = P2D4P6 """ D2n;

which is what we had to prove.
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(b) This theorem can be viewed as a limiting case of the theorem in
problem (a); if the vertex A, of the inscribed 2n-gon tends to the vertex
A1, the vertex As;—to the vertex A4, the vertex As—to the vertex Ag, and
so on, then the sides A1 A,, A3A4, As4s, ... of the inscribed 2n-gon tend
to the tangents to the circle at the vertices A;, A, A3, ... of the inscribed
n-gon A1A3A5 ce A2n—l-

44. We apply an inversion with center at M. The vertices A1, A», A3, ...,
Ap of the n-gon will go over to n collinear points A}, A5, 4%,..., A),
(Figure 188); moreover,

VAl = A A+ AYAL + AL A+ -+ AL AL (+)

We denote by p’ the length of the perpendicular dropped from M to
the line A’ A;,, the common altitude of the triangles A| M A}, A,MAY, ...,
A,_ MA;,, and A|\MA,. The similarity of the triangles A;MA;, and
A} M A, implies that

A1d2 1
Ay, p!

—the ratio of corresponding sides of the similar triangles is equal to the
ratio of the altitudes dropped to these sides. It follows that

A1y, a1

A AL = = —7p,
142 p Plp
similarly,
as as ap—1 ap
ALAL, = —=p', ARA, = —p' ... A _ A = " ALAL = —p.
2413 pzp 344 p3p n—1“'n pn—lp 1“'n Pop

Substituting all these expressions in (*) and dividing the resulting equal-
ity by p’ we obtain the required result.

45. We apply an inversion with center A¢ and power 1. The circles ¥ and
So will go over to parallel lines X’ and Sj, and Figure 60 in the text to
Figure 189. We denote the radii of the transformed circles S7, S5, ..., S,

&

FIGURE 189
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by r{,r5....,r.; clearly, r; = r}. From Figure 189 we obtain:
A AL = 01052 — A\ P? = (r] + r}))* — (r] = r5)? = 4r{r},
and, similarly,

/42 IoAr2 1 r2 _ 1 1
AL AL = 4ryry,  ALAL 4riry, . AL AL =4 T

n—1"n-*

(a) Let n be even. We have:

I o7q2 1 Al 2 I A2
/_A1A2 /_A2A3 _A2A3 /
ry = 47’ ’ r3 = 4r! _A/A/zrl’
r Ty 142
’oqr2 1A 2 1 oAr2
o AR AR ALAR
4 — / - ) /R
4r A, Ay 4r]
1A 2 I oAr2 1 ’2
;o= A4, 'A3A4 "'An—lAn 1

n /A2 Al 2 / r2 4
A A% - Ay A5 Ay A,y 7 4
The condition ,, = r| enables us to determine the diameter of the circle
S1—the distance between the lines X and S:

AL AL - ALA, - AL AL

2r; =
A, AL A A
or, since
A1A>
A Ay = ———
AgAy - AgAa
Ar A
ApAy = —22 (%)
AoAz - Ao A3
An1A
A;z—lA;z = . -
AgAn—1-AoAn

(see the formula (*) on p. 61),
A1Az - A3Ag - Ap—14n
AoAyr - ApAsz - AgAs - Ay Ap—1 - AnAo

Let d be the distance from the center of inversion Ag to the line ¥’; then the

r_
2r; =

distance from Ag to S{, will be d &2r1. In that case, 2R = 5, 2rg = ﬁ
(see the proof of property B3 of inversion), and, finally, we obtain
1 1
d=sp To=T1, A Ay Az Ay Ay 1Ay
A0A| Ay A3-A4As—A,_2A,_1-Andg
(the plus sign corresponds to the case of inner tangency of Sy, Sq,..., S

and S and the minus sign to that of outer tangency).
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(b) Just as in the solution of problem (a) we obtain:
[ AR AAR A2
TOAYAY  AGAZ AL QA2

n—1

7

which implies the following relation between the mutual distances of the
points A}, A5, ..., A):
AVAL - ASA AL LA = AL AL AQ A AL AL

n—1 —

Using the formulas (xx) in the solution of problem (a), we obtain the re-
quired relation between the mutual distances of the points Ag, A1, Az, ..., Ax:

A1Az - A3Ay -+ Ap—2Ap—1 - AnAo = Ao A1 - Az Az - AgAs -+ Ap—1An.

46. Clearly, the required locus is characterized by the fact that the cross
ratio g%: : g%;, where M1 and M, are any two points of the locus, has
the value 1. By property D, this implies that if an inversion takes the points
A, B to points A’, B’, then it takes the required locus to a locus of points
such that the ratio of their distances to A’ and B’ is constant (although this
ratio need not be equal to the ratio of the distances from the points of the
initial locus to 4 and B).

Now suppose that the center O of the inversion is a point of the required
locus. Then the ratio of the distances from a point M’, which is the image
under the inversion of a point M of the locus, to the points A’ and B’ is
equal to 1:

K yp_k___MA 04 _
OM -0A "’ OM-0OB MB OB

(see the formula (x) on p. 61; % = % by the choice of the point O). It

follows that the image of the required locus consists of points equidistant
from A’ and B’, and thus is a line. Hence the required locus is a line or a
circle.

Clearly, the required locus is a line only if the ratio stated in the condition
of the problem has the value 1.

M'A:M'B =MA

47. The ratio of the sum of the products of the opposite sides of a quadri-
lateral ABCD to the product of its diagonals,
AB-CD + AD - BC
AC - BD ’

can be written as
AB-CD +AD-BC _AB AC +DA.DB
AC-BD AC-BD DB DC CA CB’
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FIGURE 190

and is therefore the sum of the cross ratios of the quadruples 4, D, B, C and
D, C, A, B (note the order!); this being so, it is unchanged by inversion.

Suppose that one can circumscribe a circle S about the quadrilateral
ABCD. We apply an inversion with center at any point O of S; then the
points A, B, C, D go over to collinear points A’, B, C’, D’.

Assume for definiteness that the points A’, B/, C’, D’ appear on the line
in the indicated order (Figure 190; this will be the case if the point O lies
on the arc AD of S); let a, b, and ¢ denote the lengths of the segments
A'B’, B’C’, and C'D’. Then

AD =a+b+c, AC =a+b, B'D =b+c,

whence
A'B"-C'D'+ A'D"-B'C" _ac+(a+b+c)b
A'C'-B'D’  (a+b)b+c)

ac+ab +b>+be
ab + b2 +ac+bc

which proves the assertion of the problem.

48. Let P, Q, R, T be any four points on the circle S, and let P/, Q’, R,
T’ be their images under the sequence of inversions Iy, I, ..., I, (see the
solution of problem 20). Since inversions preserve cross ratios, it follows
that

PR PT P'R" P'T’

OR QT Q'R QT
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But, clearly,

~ ~

. PR _OR
PR=2rsm7, QR:ermT, and so on,

where r is the radius of the circle S; hence the equality of the ratios just
stated can be rewritten as follows:

. Y . rr
sin Q sin ﬂ sin P2R sin P2T

. OR . o1
sin QR sin QT sin QZR sin Q2T

Finally, let O be any fixed point of S. Then PR = PO — RO, and so on;
hence

PR . PO-RO . PO RO . RO PO
sin — = sin ————— = sin — ¢c0s — — sin — cos —
2 2 2 2 2 2
_ . PO RO( PO _ RO
= cos 20052 an2 an2 ,
and so on. From this we obtain:
tan on — tan RO tan £2 — tan T2

20 _ @ 20 _ .. TO
tan D) tan D) tan 5 tan 2

’ / ’ /
tan%—tanRO tan%—tanTo

RO Q 0 70
> tan — tan P
Now assume that 7" is the point A1, which we denote by X (an unknown);
then 7" also coincides with A; (the sequence of n inversions takes 4; to

itself). Hence

tan

0o _
D) tan

tan == —tan RO tan = —tan &
tan QO tan% tan QO — tan %
_ _ (%)
7
tanM — tan == 0 tanM —tan&

2

tan 29 — tan X0 tan% —tanX2—0

We choose arbitrarily points P, Q, R; now it won’t be difficult to find
P’, Q', R'. The equality () can be viewed as a quadratic equation in the un-
known tan <= X 0 . By solving this equation we obtain tan £2 3 9 and can therefore

construct the central angle corresponding to the arc X 0 and find the point
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X = Aj; after that it is a simple matter to obtain the remaining vertices of
the n-gon. The construction is easily done using ruler and compass.

Depending on the number of roots of the equation (x) the problem has
two solutions, one solution, or no solution.

49. This problem is very close to problem 46. First of all, it is obvious
that if the ratio of the lengths of the tangents drawn from a point M; to two
circles S and S, is equal to the ratio of the lengths of the tangents drawn
from another point M> to the same circles, then the cross ratio

IsiMy  Is\M
;M IsHM,

of the four circles Sy, S», M1, M> (here we are viewing the points M; and
M, as “circles of zero radius”; for example, s, pr, denotes the length of the
segment of the tangent drawn from the point M; to the circle Sy) is equal
to 1. It follows that if an inversion with center outside S; and S, takes these
circles to circles S7 and S5, then the required locus goes over to a locus of
points such that the ratio of the lengths of the tangents drawn from these
points to the circles S] and S, has constant magnitude.

Now let O be any point of the required locus; since one can draw from
it tangents to S; and and S», it must be outside these circles. An inversion
with center at O takes the required locus to a locus of points such that the
tangents from these points to the image circles S| and S} are equal. In fact,
if a point M7 of the required locus goes over to a point M, then, by formula
(x%) (see p. 68), we have:

IsiM| k ) k
T, T\ s ) | ISoM T
SyM| [OM? -k, \JOM?E k>
t2
tsimy Vi tsimy VIS0 tgimy | ts,0
oMy k2o lsomy o 2 0 IssMy 1s:0
2

=1

(ttSheOpowe;rSs A/jl and k, of 0 with respect to Sy and S are 1 a.nd t§2.0;
ts;o = fS;M: by the choice of O). Thus we see that under an inversion
with center O the required locus goes over to a locus of points M’ such
that #3757 = fps;, that is, to a segment of the radical axis of S7 and S,
exterior to both of these circles (see Section 3, p. 49).

It follows that the required locus is a circle or part of a circle (an arc of

the circle passing through the points of intersection of S and S, located in
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the exterior of S; and S5); if the value of the ratio in the statement of the
problem is 1, then the required locus is a line or part of a line (part of the
common chord of the circles in the exterior of both of them).

50. This problem is very close to problem 47. It is easy to see that if S,
S», S3, and S4 are four circles, then the expression

112134 + t14l23
113024
can be rewritten as
131 ta 131 13
which shows that it is unchanged by an inversion whose center is either
outside the circles S, S», S3, and S4 or inside all of them.

If the circles S, Sz, S3, and S4 are tangent to a line X at points A4, B, C,
and D (Figure 191), then the relation involved in the present problem takes
the form

AB-CD + AD -BC I
AC - BD -
it is easy to verify that this equality actually holds (see the solution of
problem 47).

5 s,
V4 fal
Y z
]
FIGURE 191

Now suppose that the four circles Sy, S», S3, and S4 are tangent to a
circle X. If, say, Sy contains X in its interior and S, does not, then either Sy
and S, have same-name tangency with X but S; and S, have no common
outer tangent (Figure 192a), or S; and S, have different-name tangency
with X but S and S, have no common inner tangent (Figure 192b). Hence
the condition of the problem is meaningful only if ¥ is either inside the
circles Sy, S2, S3, and S4 or outside all of them. Now let O be a point of
3. An inversion with center at O takes the circles Si, Sz, S3, and S4 to
circles Sj, S5, S5, and S, tangent to a single line X', and for these, as we
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. @
)
(b)

(a

FIGURE 192

saw earlier, the condition of the problem holds. But then this condition must
also hold for the four initial circles.

51. Let S; and S, be two circles which intersect one another at a point
A, let O1 and O, be their centers, 1 and r, their radii (r;1 > r;), and let
MN = t15 be the segment of their common tangent (Figure 193). Let d
denote the distance O 0,. Then

FIGURE 193

t122 =d? - (r1— r2)2 = d? —rl2 — r22 + 2rira.

Hence
13, _ 2riry — (rf +r7 —d?) 5 ri+r?—d?

rira rira rira

A look at the triangle O; O, A tells us that

7‘12 +r22—d2 _ 201/‘12 + 02A2— 01022

= 2cos 12,
rirp 01A02A
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FIGURE 194

where a1 = £01 AO; is the angle between the radii O; A and O, A of the
circles S; and S,. Hence 2

2

4
12— 2(1 —cosayy) = 4sin® ﬁ. (x)
rira 2

Now we assume that the four circles Sy, Sz, S3, and S4 meet in a point
3. Let the centers of these circles be S1, Sz, S3, and S4 (Figure 194) and
let the pairwise angles between the lines 01X, O,%, 03X, and O4 X (the
angles between the circles) be o012, o013, 14, 0023, 024, X34.

aip=p, az=B+y, au=B+y+4.

a3 =Yy, Qu=Yy+06 az=>_

hence
12 34 x14 23 13 Q24
sm—sm—+s1 n — sin —— — sin —— sin —
2 2 2 2 2 2
—sin—siné—i—sini'g—i_y—i_(gsinz—s.inﬂ_‘_ysiny—i_(g
272 2 2 2 2
Bty ¢ Bty

B 8+ . N .8\ Ly
= S1n — S1n — SIN ——— COS — COS sSin — ) S1in —
sy sy 2 2 2 2 )%

—sin’8+y sianosé—FcosZsiné
2 2 2 2 2

=sinésin§+cosﬁ+ysin§sinz—sinﬂ J/coszsin—

2 2 2 2 2 2 2 2
:sinésin§— sin'B—i_ycosZ—cosﬂ_‘_ysinZ sin —

2 2 2 2 2 2 2
. B8 B+y-y .8
= sin — sin — — sin —————sin — = 0.

2 2 2



Solutions: Section 4 235

If we substitute in the relation just obtained for the sines of half angles
between the circles expressions implied by (*), then we obtain the relation

I 112 1 t34 +1 tiae 1 13 I 103 1 124 _0
22 i | 2 R 2 Jrars 2 Jnrs 2 i
or, by dividing by %ﬁ and transferring one term to the right side,
the required relation

t12134 + t14l23 = l13024.

52. The relation in the statement of this problem was proved in the previ-
ous problem for the case when the circles Sy, Sz, S3, and S4 intersect in a
single point. For the case when the circles Sy, S3, S3, and S4 are tangent
to a circle or line X, this relation follows directly from the proposition
in problem 50. To obtain it, we need only substitute in the relation in the
statement of problem 50 the expressions for #1,, and so on, obtained from
the relation (%) in the solution of problem 51 (12 = 2sin %2 /rir2, and
SO on).

53. (a) Since inversion does not take the center of a circle to the center
of its image, the property of the bisectors of angles formed by intersecting
lines appearing in the statement of the problem must be reformulated, so
that the new statement involves only concepts preserved by inversion. It is
easy to see how to do this: instead of speaking of the locus of the centers
of circles tangent to two intersecting lines we must say that the circles in
question must form right angles with one or the other of the angle bisectors.
By applying an inversion to the new statement we obtain the following
theorem: Circles tangent to two intersecting circles S1 and S, intersect
perpendicularly one of the two circles ¥, and ¥, which pass through the
points of intersection of S1 and S, and halve the angle between these circles
(Figure 195). These two auxiliary circles are called bisectral circles of the
two initial circles.

We note that no such theorem holds if the circles S1 and S, do not intersect one
another. In that case, we can take S and Sz by inversion to two concentric circles
S1 and S5 (see Theorem 2 in Section 1, p. 22). Then the circles tangent to 7 and
S} form two families, one of which consists of circles perpendicular to a definite
circle ', concentric with S7 and S5, and the other—of circles no three of which
are perpendicular to a single circle. It follows that the circles tangent to S1 and
S> form two families, one of which consists of circles perpendicular to a definite
circle X (perpendicular to the pencil determined by the circles S1 and S3), and the
other—of circles no three of which are perpendicular to a single circle.

Finally, by taking two tangent circles to two parallel lines, it is easy to see that
the circles tangent to two tangent circles form two families, one of which consists
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FIGURE 195

of circles passing through the point 7 of tangency of S; and S» and the other—of
circles intersecting perpendicularly a certain circle X passing through 7 and tangent
at T to S1 and S>.

(b) Every circle that intersects two given intersecting circles S1 and
S> at equal angles is perpendicular to one of the two bisectral circles of
S1 and S (see the solution of problem 53(a)); conversely, every circle
perpendicular to a bisectral circle of S1 and S, intersects S1 and S, at
equal angles.

(¢) The result of problem (b) implies that our problem is equivalent
to the following problem: Construct a circle which crosses perpendicularly
three bisectral circles of the pairs So, S1, So, S2, So, S3 of given circles
S0, 51,52, 83 (which can obviously be constructed), that is, to a special
case of problem 38(a) in Section 3. This special case of problem 27(a) can
have only one solution. Since each of the bisectral circles involved in the
construction can be selected in one of two ways, the problem can have up
to eight solutions.

54. Theorem: If three circles meet in a point, then the sum of the angles
of the curvilinear triangle formed in their intersection (Figure 196) is equal
to 180°.

FIGURE 196



Solutions: Section 4 237

(b)

FIGURE 197

55. Let Sy, S», and S3 be three circles passing though a point O; let A, B,
and C be the second points of intersection of the pairs S3 and S5, S and
S3, and S5 and S;. Then

(a) three circles that pass through the pairs of points O and A, O and
B, and O and C perpendicularly to, respectively, S1, S», and S3 meet in a
single point (Figure 197(a));

(b) three circles that pass through the pairs of points O and A, O and
B, and O and C and bisect the angles between, respectively, S3, S»2, S1, S3,
and S, S1 meet in a single point (Figure 197b).
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FIGURE 198

56. Let A, B, and C be three collinear points, and P a point not on that
line. We circumscribe circles about the triangles PAB, PAC, and PBC.
Let PN, PM, and PL be the diameters of these circles passing through P.
Then P, N, M, and L are on a single circle S (Figure 198). Conversely,
if PN, PM, and PL are three chords of a circle S, then the second points
of intersection of the circles for which the segments PN, PM, and PL are
diameters are collinear (see problem 62(b) in NML 21, p. 77).

57. An inversion whose center O does not lie on a given circle S takes S

to some circle S’. Let Z’ be the image of the center Z of the circle S, and

let M’ be the image of some point M on S (Figure 199). According to the
relation () on p. 61 we have:

k oM’

MZ =MZ———=MZ———

0Z-0OM oz

(forOLM = OM’). Whence
M'Z' _ MZ o

MO 0Z 0Z’

FIGURE 199
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where r is the radius of S. Thus we see that the circle S’ can be defined as
. . 1z’ . ..
the locus of points M’ such that the ratio AA{[,ZO is equal to o, that is, it is
independent of the choice of the point M’ on the circle.
It follows that a circle can be defined not only as the locus of points
equidistant from a given point but also as the locus of points such that the

ratio of their distances from two given points is constant (cf. problem 46).

58. We apply an inversion with center at O. Let the images of the vertices
A, B, C of the triangle ABC be A’, B/, C' (Figure 200a).
From (%) on p. 61 we have:

k k
AB=AB ————, BC=BC—F——
OA’ - OB” ¢ ¢ OB'-0C’’
k
0A’-0C"”

Substituting these expressions in the inequality

AC = A'C’

AB + BC > AC
we obtain the relation

k k k
A/B/ B/c/ A/c/ ,
oa o8 "¢ o004 oo
or
A'B'-0C' + B'C'-04' > A'C'- OB'.

Since the points A, B, C are not collinear, the points O, A’, B’, C’ are not
concyclic; in other words, if it is not possible to circumscribe a circle about

(b)

FIGURE 200
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a quadrilateral, then the sum of the products of its opposite sides is greater
than the product of its diagonals.

On the other hand, if the points A, B, C are collinear, that is, the points
0, A’, B’, C' are concyclic (Figure 200b), then

AB + BC = AC,

whence

k k k
AB——— —+BC——— =AC———,
oa- o8 7% 0B 0C 04" 0C'
or
A'B"-0C’"+ B'C'-04' = A'C'- OB’.

This implies Ptolemy’s theorem as well as its converse.
59. (a) We apply an inversion with center at O. Let A’, B’, C’ be the
images of the vertices 4, B, C of the right triangle A BC with right angle
at B (Figure 201).

From the similarity of the triangles OAB and OB’ A’, and of the triangles
OBC and OC’B’, we have:

/OBA =/0A'B’, ZOBC = £Z0C'B’,
so that
ZOA'B' + Z0C'B’' = 90°.
g r A

7

6-”
FIGURE 201
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Further, by () on p. 61,

_k
OA’ - OB”’
k k
BC =B C'———, AC = A C'———.
OB’-0C’ 0OA’-0C’
Using the theorem of Pythagoras AB? + BC? = AC? we obtain the
relation

AB = A'B’

A/B/Z k2 + B/c/Z k2 _ A/C/Z k2
OA2- OB OB2-0C™” ~ 0A2.0C™?
or

A/B/Z . Oc/z + B/c/z . OA/Z — A/c/z . OB/Z.

We have obtained the following theorem: If the sum of the opposite angles
of a convex quadrilateral is 90°, then the sum of the squares of the products
of the opposite sides is equal to the product of its diagonals.

It is interesting to juxtapose the result just obtained and Ptolemy’s theorem, which
can be stated as follows: If the sum of the opposite angles of a convex quadrilateral
is 180°, then the sum of the products of its opposite sides is equal to the product of
its diagonals.

(b) In much the same way as in the solution of the previous problem,
using the law of cosines, we obtain the following generalization of both
Ptolemy’s theorem and the theorem in problem (a): If the sum of the
opposite angles in a quadrilateral is ¢, then the sum of the products of
the squares of the opposite sides minus twice the product of the sides by
cos ¢ equals the product of the squares of the diagonals. We leave the proof
to the reader.

(¢) As before, let A, B’, C’ be the images under inversion of the
vertices of the triangle A, B, C (Figure 202). By the relation () on p. 61,

k
OA’ - OB”
k k
BC =B'C'———, AC = A'C'———.
OB'-0C’ o4’ -ocC’
Now we obtain a connection between the angles of the triangle A BC and
the angles of the quadrilateral OA’ B’C’. First we have

AB=A'B’

/OBA = /LOA'B', ZOBC = ZLOC'B/,

hence

ZABC = LOA'B' + LOC'B’,
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FIGURE 202

a fact used when solving problems (a) and (b). Further,
ZOAB = /OB'A’, ZOAC = £0C'A’,
hence
/BAC = ZOAB — ZOAC = ZOB'A'— 2£0C’' A,

that is, the angle BAC of the triangle is equal to the difference of the angles
formed by the diagonals OB’ and C’A’ of the quadrilateral OA’ B’C’ with
its sides B’A’ and C’O. Similarly,

/BCA = ZLOB'C'— £0A4'C’,

that is, the angle BCA equals the difference of the angles formed by the
diagonals OB’ and C’ A’ of the quadrilateral OA’ B’C’ with its sides B'C’
and A’ O respectively. Substituting these expressions in the law of sines

AC  AB  BC

sinB  sinC  sind
we obtain, after simplifying, the relation

A'C'-OB" A'B’-0C"  B'C'-04
sin ¢ N sinyr B sin y

(*)

where ¢ is the sum of the opposite angles OA’B’ and OC’B’ in the
quadrilateral OA’B’C’,  is the difference of the two angles formed by
the diagonals and the sides of the quadrilateral resting on the side OC’, and
x 1is the difference of the two angles formed by the diagonals and the sides
of the quadrilateral resting on the side OA’. The relation (x) is the result of
applying an inversion to the law of sines.
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Notes to Section 4

1 Here the rule for assigning signs to angles is analogous to the rule for
reading angles in a trigonometric disk.

2 From this it is clear that, for intersecting circles, the invariance of the
expression —42_ under inversion is a direct consequence of property C of

ATr1r2

inversion.

Section 5

60. We assume that the lines /; and /> and the circle S are directed. We
apply a dilatation which takes the circle S to a point S’. This dilatation
takes the lines /; and /, to lines /] and [, and the required circle  (which
will also have to be viewed as directed), tangent to /1, [, and S, to a circle
¥/, tangent to the lines /{ and /;, and passing through the point S’ (Figure
203). Thus the construction of the circle ¥, tangent to two given lines and
a given circle, reduces to the construction of the circle X', tangent to two
given lines and passing through a given point, that is, to problem 13(a) in
NML 21, p. 18.

Problem 13(a) has, in general, two solutions. After assigning a direction
to the circle S in an arbitrary way we can assign directions to the lines /;
and /, in four ways. Hence the problem has, in general, eight solutions.

Clearly, this solution is simpler than the solutions of problems 13(c) and 22 in
NML 21 (pp. 18 and 21) and of problem 21(b) in Section 2 in this book.

zi/ 1;

FIGURE 203



244 Circular Transformations

61. We consider the circles Si, S», and S3 directed. We apply a dilatation
which takes one of these circles to a point (say, the circle S to a point
S1). Here the circles S, and S3 will go over to circles S} and S%, and the
required (directed) circle X, tangent to S, S,, and S, to a circle ¥’ passing
through the point S| and tangent to the circles S and S%. Thus the problem
of Apollonius is reduced to finding a circle X’ tangent to the circles S} and
S4 and passing through the point S7, that is, to problem 21(b) in Section 2
in this book. After solving this problem we will readily obtain the required
circle.

Problem 21(b) reduces to finding a common tangent to two circles, and
hence, in the case of directed circles, has, in general, two solutions. After
assigning a direction to the circle S; in an arbitrary way we can assign
directions to the circles /, and /3 in four ways. Hence the problem of
Apollonius has, in general, eight solutions.

It is easy to see that this solution of the problem of Apollonius is simpler than
either one of the solutions of problem 26(a).

62. Clearly, this problem is a generalization of Ptolemy’s theorem (see
problem 47 in Section 4 in this book). In Section 3 we gave two proofs
of Ptolemy’s theorem using inversions. One of these proofs reduced the
Ptolemy relation to the analogous relation AB-CD +AD-BC = AC-BD,
involving the distances between four collinear points taken two at a time;
it enabled us to prove that the Ptolemy relation is necessary for four points
to be concyclic (see problem 47). The second proof reduced the Ptolemy
relation to the relation AB 4+ BC = AC connecting three collinear points
taken two at a time; it enabled us to prove that the Ptolemy relation is
necessary and sufficient for four points to be concyclic (see the solution
of problem 58). The solution of problem 50 in Section 4 is analogous to
the first proof of Ptolemy’s theorem. Using a dilatation, one can also give
a proof of the theorem in problem 50 analogous to the second proof of
Ptolemy’s theorem; here it turns out to be possible to prove the sufficiency
of the condition in the theorem in problem 50 for four circles Sy, S», S3, and
S4 to be tangent to a single circle (or line) X (that is, to prove the theorem
in problem (b)). This is the content of the present problem.

We have four circles Sy, S, S3, and Sy (Figure 204a) which we suppose
to be directed (this is equivalent to being told which of the magnitudes #;,,
and so on, denote segments of common outer tangents and which denote
segments of common inner tangents). We apply a dilatation which takes
one of these circles to a point (say, the circle S; to a point S}), while the
remaining three circles S5, S3, and Sy go over to new circles S}, S5, and S
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(a) (b)

(c)
FIGURE 204

(Figure 204b). Then we apply an inversion with center at S1; this inversion
takes the circles S5, S5, and S to new circles S7, S, and S (Figure 204c).

Further, we will prove separately the necessity and sufficiency of the
hypothesis of the problem for the four circles Sy, S, S3, and S4 to be
tangent to a single circle. The proof of necessity provides a solution of
problem (a), and the proof of sufficiency provides a solution of problem

(®).

Proof of necessity. 1If the circles S1, S2, S3, and S4 are tangent to a
single circle or line X, or pass through a single point X, then the circles
S5, S5, and S are tangent to a single circle (or line) X’ passing through
St .1 and the circles S/, 8%, and S} are tangent to a single line X”. Assume
for definiteness that the point B of tangency of S and X" lies between the
points C and A of tangency of the circles S5 and % with X (Figure 204c);
then

AB + BC = AC, or thy+1t), =15,
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where )5 is the tangent distance between the circles S) and S5 and the
magmtudes tj, and 15, have analogous meanings.
Further, in view of the relation (x*) on p. 68,2
P k P k o=t k
23 = ==, 34 = l3g=F—==, oy = lpg=—F—,
Vkaks Vkska Vkoka
where 15, 13, and 15, are the tangent distances of the circles S5, S5, and
S, taken two at a time, k», k3, and k4 are the squares of the lengths of the

tangents drawn from the point S to the circles S5, S5, and S;—which we
will denote by tizz, t%, and tii—and k is the power of the inversion. Hence
. k o ko _ k
23 .7 4 34 24 1 o/
1213 13t14 AP

Dividing by k and eliminating fractions we obtain the equality 75,71, +
1441, = th4t1s, Which is the relation we had to prove; this is so because, in
view of property C of dilatation, 1], = t12, t{3 = t13, 14 = l14, 33 = 123,
thy = trs, and tj, = t34.

Proof of sufficiency. Conversely, suppose we have, say, the relation
Hat3a — tiatas + tiatzz = 0.

As before, we have
k k " k 1 k

12 = 12 =173 , I3q =134 , Iy =124 .
> 3112l13 12013 ’ f13f14 f12114

Dividing both sides of our relation #15734 + 14723 = t13%24 by 12713114 and
multiplying by k we obtain

e bt e o =i
f13l14 f12113 l12l14
Now assume that the circles S, S%, and S} are not tangent to a single

circle. We rotate S% about the center of the circle S into the position of
fg, so that 3/3/ is tangent to the common tangent AC of the circles S} and
S, (see Figure 205).

Then, clearly,

/ =/ 172
134 + 133 = I3y,
Where T4 and [ 23 are the respectlve tangent distances of the circles S’y 3 and
S4, and S3 and 52 But 7,5 = 15 (for S3 is obtained from S} by arotation
about the center of SY); hence 13, = ty, —Tny = t}, — tiy = t4,, which

is 1mposs1ble if S, 3 is different from S5 (the tangent distances of the circles
S and S and the circles S and S [{ , where S and SY are congruent,
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Y

FIGURE 205

coincide only if Eg is obtained from S% by a rotation about the center of
S4). We must therefore conclude that S7, S5, and S, are tangent to a single
circle or line X/ passing through S7, and hence that Sy, S,, S3, and S4 are
tangent to a single circle (or line) X, or pass through a single point X.

Remark. We note the following simple proof of the theorem in problem 62(a)
which does not make use of inversions. If the four circles S1, Sz, S3, and S4 are
tangent to a single line, then the proposition in problem 50 can be proved very
simply (see the beginning of the proof of problem 50). If the four circles Sy, S2, S3,
and S4 pass through a single point, then the proof is also simple (see the solution
of problem 51). If the four circles Sy, S2, S3, and S4 are tangent to a single circle
3, then we take T by a dilatation to a point X’; then the circles Sy, S3, S3, and Sy
go over to circles S7, 8%, S5, and S which pass through the point ’. By property
C of a dilatation the theorem in problem 50 is reduced to the theorem in problem
51, which can be proved without the use of inversion (and whose proof is much
simpler than the proof of problem 50, which is based on the complicated property
D of inversion).

63. First of all, we prove that the circle ¥, which passes through the
midpoints D, E, and F of the sides AB, AC, and CB of the triangle ABC
(the nine point circle of the triangle ABC) is tangent to the incircle s of
that triangle. In fact, let a, b, and c be the lengths of the sides of the triangle
ABC (a = b > c),and let P, Q, and R be the points of tangency of s and
the sides AB, AC, and CB (Figure 206a). Then the length of the segment
of the tangent drawn from D tos is DP = AD — AP. But

1 1
AP = E(AP + AQ) = 5(AB — BP + AC - CQ)

c+b—a

1
= J(AB + AC —BR—CR) = ———.

2
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FIGURE 206

whence
¢c ¢c+b—a a->b
DP = AD — AP = — — = .
2 2 2

In much the same way we prove that the lengths of the segments of the
tangents drawn from the points £ and F to the circle s are 5 and b%‘.

Now we take the points D, E, F, and the circle s as the circles Sy, Sz,
S3, and Sy in the previous problem (that three of the four circles are points,
that is, circles of zero radius, is, of course, not significant; the proof of the
theorem in problem 62 carries over without change to the case when some
of the circles S1, S2, S3, and S4 are replaced by points). Then we have:

a b c
tin=DE =—, tiz=DF =—, ft3=FEF =—,
12 3 13 3 23 >

a—>b a—c b—c
, ha=EQ= , 1y =FR=
5 24 0 3 34 5

From this it is clear that the relation in the previous problem holds; in fact,

tisa = DP =

ca—b ab—-c ba-c
114123 + 12134 — 113124 = ) + 53 32 2
Hence the “circles” D, E, and F and the circle s are tangent to the single
circle ¥, which in our case means that the circle 3, which passes through
the points D, E, and F, is tangent to s.

In much the same way we show that the nine point circle is tangent to
the excircles s1, 52, and s3 of the triangle. In fact, let sy, say, be the circle
escribed in the angle A of the triangle, and let Py, Q1, and R; be its points
of tangency with the sides of the triangle (Figure 206b). Then the lengths of

=0.
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the segments of the tangents from D, E, and F to s; are
1
DPy = APy — AD = E(API + AQy1)— AD

1
= 5(AB + BP, + AC +CQy) — AD

1
5(AB + AC + BR + CRy) — AD

1 a+b+c ¢ a+b
=—-(AB+ A BC)—AD = ———— — — =
2( + AC + BC) 5 2 7
a+c
EQ, = 7
and

FRy = BR, — BF = BPy — BF = (AP, — AB) — BF
_(a+b+c c) g_b—c'

2 2 27

and therefore
ca+b ab—c ba+c
DE-FR,—DF -E EF-DP; = — Z _Z ,
1 01+ 1= 575 +2 5 )

which proves that the circle X is tangent to s .

Remark. Using the theorem in problem 62 we can show at once that the circles
s, S1, S2, and s3 are tangent to a single circle ¥ (moreover, ¥ has tangency of the
same kind with s1, 52, and s3 and tangency of the opposite kind with s, that is, X is
outer-tangent to s1, s2, and s3 and inner-tangent to s, or it is inner-tangent to s1, 52,
and s3 and outer-tangent to s; it is not difficult to prove that only the first of these
possibilities obtains). In fact, let us denote the tangent distances of the circles s and
s1, s and s, and s and s3, by #01, f02, and #p3, and the tangent distances of the
circles 51, 52, and s3 taken two at a time by #12, 13, and #23. Then, clearly,

a+b—c a-—-b+c
2 2

to1 = RRy = BRy — BR = =b—c,

and similarly

too =a—c, toz=a—b;
and in much the same way, if P3 is the point of tangency of the circle s3 with the
side AB, then

b b -
t13=P1P3=AP1—|—BP3—AB=a+2+c+ +; a—C:b,

and, similarly

f1p =c, 123 =a.
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From this we see that
to1f23 — to2t13 + toztiz = a(b—c) —bla—c)+cla—b) =0,

which implies that s, 51, s2, and s3 are tangent to a single circle ¥. However, to
prove that ¥ coincides with the nine point circle of the triangle we must follow a
different path, namely, the one we followed when solving the present problem.

64. Assume for definiteness that the circles Sy, S», S3, and Sy4 are tangent
to X1, ¥, and X3 as shown in Figure 207. Then, denoting the segment of
the common outer tangent of the circles S; and S, by 715 and the segment of
their common inner tangent by 715, and by introducing analogous notations
for the other pairs of circles, we obtain, using the theorem in problem 62(a),
the following three equalities: the equality

t13tra = T12t34 + T14123,

FIGURE 207
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implied by the fact that Sy, S», S3, and S4 are tangent to the single circle
¥1; the equality

ti2f34 = f13t24 + tial2s,

implied by the fact that S;, S», S3, and S4 are tangent to the single circle
¥5; and the equality

113024 = L12134 + l1al23,

implied by the fact that Sy, S, S3, and S4 are tangent to the single circle
3.
Adding the first two of these equalities and subtracting the third we obtain

t13taa + tinf3a — t13f24 = f1ata3 + T13t24,
that is,
ti2l34 = ti3l24 + L14l23.

By the theorem in problem 62(b), this implies that Sy, S>, S3, and Sy are
tangent to some circle X (which has like tangency with Sy, S», and S3 and
unlike tangency with Sy).

65.(a) We view the circles S1, S, and S5 as directed and use a specially
chosen axial inversion to take them to points S7, S5, and S5 (see p. 113).
Here the circle X, tangent to S1, S», and S3, goes over to a circle X’
passing through the points S}, S}, and S5. After constructing X', we obtain
the circle X, the preimage of ¥’ under our axial inversion. Since we can
assign to X two opposite directions, the problem has two solutions for each
assignment of directions to Sy, S, and S3; the problem can have up to eight
solutions (compare this with the solution of problem 61).

(b) We use an axial inversion to take the circles S, S», and S3 (which
we consider directed; see the solution of problem 62) to three points S7, S5,
and Sg (see p. 113); the circle S4 goes over to a new circle S tangent to
the circle X', passing through the points S{, S5, and S} (Figure 208). The
tangent distances 12, 113, and #>3 go over to the segments 5153, S1.55, and
SQSQ, and the tangent distances t14, 724, and 734 go over to the lengths of
the tangents drawn from the points S}, S5, and S} to the circle S.

Let A be the point of tangency of the circles S and ¥’ and let S, S,
and S be the points of intersection of the lines AS7, AS;, and AS} with
the circle S;. The circles X’ and S} are centrally similar with center of
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5
FIGURE 208

similarity at A; hence
asy =045, asy="i4as; asy="das;
L= 7P 27 e 3T 0
where r; and r’ are the radii of the circles Sj and X'. Clearly,
tfy = SiA-S1S{

whence

’ r!
e = \/AS{(AS{ + AS)) = \/AS{(AS{ + %AS{) = AS1/1+ ﬁ’
and similarly
, r!; / ré/l
4 = ASy\[1+ 7 134 = AS3[1+

The points A, S, S5, and S} lie on the circle X'. Hence, using the
theorem of Ptolemy,® we have

AS] - 84S} + AS} - S| S, = AS} - S!S},

(here we are assuming that the points A, S7, S5, and S} are disposed on the
circle ¥’ in the order in which they appear in Figure 208). Multiplying the
last equality by /1 + rr—‘}, changing S1S} to t12, and so on, 1/ 1 + :—‘}AS{
to t14, and so on (see property C of axial inversion), we obtain the required
relation

112134 + t14123 = l13024.

66. This problem is close to problem 12 in Section 1 (it is its dual). Let
ABCDEF be a hexagon circumscribed about the circle S and let S; be
an arbitrary circle tangent to the sides AB and DE of the hexagon (Figure
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FIGURE 209

209; we suppose the circles and lines directed. Moreover, the direction of S
can be chosen arbitrarily).

The axial inversion with central line BE and directing circle S takes the
circle S to a circle S, tangent to BC and EF (for AB goes over to BC
and DE to E'F); another axial inversion, with central line CF and directing
circle S, takes the circle S» to a circle S3 tangent to the lines CD and FA;
finally, the axial inversion with central line DA and directing circle S takes
the circle S5 to a circle S tangent to the lines DE and AB.

By property C of axial inversion, the circles S, S», S3, and S have
the same tangent distances with the circle S (which all the axial inversions
under consideration take to itself). But the fact that the circles S and S
are tangent to the lines DE and AB and have the same tangent distances
with the circle S implies that they are coincident.*

Thus we see that the lines BE, CF, and DA are the central lines of axial
inversions which take S; to S», S> to S3, and S3 to S;. But this implies that
these lines are the radical axes of those three circles taken two at a time (see
the proof of property C of axial inversion). But then these three lines must
meet in a point, the radical center of the circles Sy, S», and S3 (see p. 53),
which is what we had to prove.

67.(a) By an axial inversion we take the circles S; and S, with common
tangents a; and a» to points S| and S, (see p. 113; we suppose all circles
and lines to be directed). Here Figure 107a will go over to Figure 210a; we
must show that if the lines a/, b}, ¢] and d are tangent to the same circle
3, then the lines a), b}, ¢}, and d; are tangent to the same circle 3.

Let us denote the points of intersection of the lines under consideration
and their points of tangency with the circles S} and S as in Figure 210a.
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FIGURE 210

Since the circle X’ is inscribed in the quadrilateral S| P; Q1S}, it follows
that S| S, + P1Q1 = S{P1 + S50;1. If we add to the left side of the last
equality the segments P; K; and Q1 M, and to the right side the segments
Py L and Q1 N; equal to the latter, then we obtain the equality

S{Sé + KiM; = S{Ll + SéNl,

or
SiSé + KoM, = SiLz + SéNz

(for K1M; = KM, SiLl = SiLz, SéNl = SéNz) If we add to the
left side of the last equality the segments K, P, and M, Q, and to the right
side the segments L, P, and N, Q, equal to the latter, then we obtain the
equality

S185+ P20> = S1P2 + S50,,

which implies that we can inscribe the circle ¥’ in the quadrilateral
S1P20285.°

(b) We apply an axial inversion which takes the circles S; and S3 with
common tangents [ and [, to points S { and Sg; then Figure 107b will go
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over to Figure 210b (see p. 113; all circles and lines are supposed directed).

We are to show that the circles X/, X/, and X/ in Figure 210b are tangent
=/

to a single line [ , that is

li2 + 123 = 13,
where #15 is the tangent distance of X/ and X/, and so on (see the solution
of problem 62(b)). But from Figure 210b we have:
o = K3Lz = S;K, — S3L1, 13 = KiMy = S{K» + S| M3,
tiz=MyL, =AB —BM> + AL, = AB — BM3 + AL,

whence
fi2 + 123 — 113

= (S5K2 + S1K2) — (S5L1 + ALy) + (S{M3 + BM3) — AB
= S,S| —S{A+S|B—AB
= §,S! — S,A— (AN + BN,) + S| B
= S48 — (S}A + ANy) — (BN3 — S| B)
= S8 — S,Ni — S! N3
= S,S! — SLN — S|N =0,

which was to be proved.®

68. We consider separately three cases.

1°. The axis of similarity of the circles A4, B, and C (which we suppose
oriented) does not intersect any of them. Then all three circles can be
taken by an axial inversion to three points A’, B’, and C’. Then the figure
associated with the problem goes over to Figure 212a. The tangent distance
x is equal to the Iength of the segment C’ D’ that is, the length of the median
of the triangle A’ B’C’; by a well-known formula

x? = %(Za2 +2b%—¢?).

2°.  We apply an axial inversion which takes the circles A and B to
points A" and B’; suppose that the circle C goes over to a circle C’ which
intersects A’B’ at points M and N (if C’ did not intersect A’B’ then we
would be dealing with the first case). By an axial inversion with central
line A’B’ we can take the circle C’ to a circle C” with diameter M N (see
p. 111); then the figure of the problem goes over to Figure 212b and the
problem is reduced to the determination of the length of the segment D’ P
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FIGURE 212

of the tangent drawn from the midpoint D’ of the segment A’ B’ to the circle
C”. Let the distances A’O and B’O (O is the center of C”) be d; and d,
and let the radius of C” be r; then

d} —r? =b? and d? —r* =a?,

whence

d? —d2 = b2 — a2

Now, depending on whether O lies between A’ and B’ (Figure 212b) or
outside A’ B/, we have:”’

b% — 42

ditdy=c¢, diFd,= PR

and in both cases

b? + 2 —a? b2 + ¢ —a?\?
gy =TT E g (PR AN
! 2¢ ’ 1 2¢
a4+ b* + ¢ —2a%b? — 2a%c? — 2b7¢?
o 4c2 ’

) 2,2 2 2 32 .
Since D'O = A'D—A'0 = § — F =4~ = a==b~ " e end up with the
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same formula:
x2 — D/P2 — D/02_r2
(a2 - b2)2 a* + b* + c* —2a?bh? — 24%¢% — 2b%2

2¢ 4c2
12 2_ 2
=Z(2a +2b° —c%).

3°. We take A and B by an axial inversion to points A’ and B’; let
the image of the circle C be a circle C’ tangent to A’B’ at the point P
(Figure 212c). The problem reduces to the determination of the length of
the segment D’ P of the tangent drawn from the midpoint D’ of the segment
A’ B’ to the circle C’. Clearly, AP = b, B'P = a, and, for example, in the
case of Figure 212c, we have:”

x:D’P:A’D’—A’P:%—b.

[We note that the formula x2 = 1(2a2 + 25 — ¢2) applies to this case
as well: in fact, here ¢ = a + b, and therefore }(24% + 2b% — ¢?) =
1
12a% +2b*> — (@ +b)*] = Ha—b)> = H(c —b) = b2 = (£ — b)2]

Remark. Case 1° is characterized by the fact that the largest of the segments
a,b, and c is smaller than the sum of the other two (it is possible to construct a
triangle from a, b, and c; see Figure 212a); case 2°—by the fact that the largest of
the segments a, b, and ¢ is greater than the sum of the other two; and case 3°—by
the fact that the largest of the segments a, b, and ¢ is equal to the sum of the other
two.

69. We consider separately the three cases with which we dealt in the
solution of the previous problem.

1°.  We take the three circles A, B, and C by an axial inversion to three
points A’, B’, and C’. Then Figure 19 goes over to Figure 213a and all
assertions stated in the problem follow from the properties of the medians
in a triangle.

2°, By two axial inversions we can take the circles 4, B, and C to two
points A’, B’, and a circle C” whose center O lies on the line A’ B’; then
Figure 109 goes over to Figure 213b. Let My, M>, and M3 be three circles,
tangent to the tangents drawn from A’ to E”, from B’ to F”, and from D’
to C”, which divide these tangents in the ratio 2:1 (beginning with 4’, B’,
and C"); we must show that these three circles are coincident.

We denote the centers of E”, F”, My, M, and M3 by O, o, Oy, O»,
and O3 and their radii by 7, r, r1, r2, and r3; further, we put A’O = dj,
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FIGURE 213

B'O = d,.2 and A’B’ = ¢, and denote the radius of C” by R. The circles
E” and C” are centrally similar with center of similarity B’ and coefficient
of similarity 1; hence B'O = %2 and 7 = %. The circles E” and M, are
centrally similar with center of similarity A” and coefficient of similarity %;
hence

2 — 2 d 2 d 2_ 1
A/01=§A/0=—(C——2)=—C——2 rl:grzgR'

3 2 3 37
In much the same way we obtain:
2 dy 1
B Oy==c——, = —R;
27373 273

this already implies the coincidence of the circles M; and M (for their radii
are equal and their centers coincide because A'O1+ B’ 0O, = %c — @ =
¢ = A'B’). Finally, the circles M3 and C” are centrally similar with center
of similarity D’ and coefficient of similarity %; hence

1 1 1 d
r3s = —R, D/03=—D/0:_ d1—£ =_1_£,
3 3 3 2 3 6
which means that M3 coincides with M; and M, (for their radii are equal

and their centers coincide because A’O3z = A'D'+D’'03 = %—i—%—% =
2 dr
3¢ 3)

3°. Thecircles A, B, and C can be taken by an axial inversion to points
A’, B', and a circle C’ tangent to the line A’ B’; then Figure 109 goes over
to Figure 213c; we define the circles My, M>, and M3 as before; we must
prove that they coincide; we keep the previous notations for the centers and
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radii of the circles E’, F’/, My, M,, and M3. Just as in 2°, we show that
rn =r,=1r3 = %; thus we need only show that the centers of these
circles coincide. But, clearly, the points O1, O, and O3 divide the medians
A0, B'o, and OD’ of the triangle A’ B’ O in the ratio 2:1; hence these three
points coincide with the center of the triangle A’ B’O.

70. If o is the central line of the axial inversion, then a¢ = do — ¢o, and
so on (see Figure 214; the signs of the angles ac, and so on, are based on
the convention stated on p. 106). Hence

. ac . do—Co . ao co . Co ao
sin — = sin ——— = sin — c0s — — sin — c0S —
2 2 2 2 2 2
ao Co ao Co
= cos — cos — | tan — — tan — |}, and so on.
2 2 2 2

FIGURE 214
This implies that
sin% ] sin% _ tan“zz—tan%” ] tan‘;;—”—taniz"
sin% sin% tan%”—tan%” tan%—tan%‘
Similarly,
sin”//z;/ ) sinzf/ _ tan@—tan§ ' tan@—tanzf
sinb//z;/.sinb/;‘? tan@—tan% tan@—tan@
But, by the definition of an axial inversion, tan "22 = k_ , and so on.

tan 4>
Substituting these expressions in the last relation above, we easily obtain
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the required relation

— —_
[N a/d/

- ad'c : . ac - ad
sin 45 sin 45 _ sin %+ sin -
. b . bd - be i bd
sin %5 sin = sin %~ sin =5
71. If the sequence I1, I, I3, ..., I, of axial inversions takes two differ-

ent points A and B again to points A’ and B’, then it takes all points of the
line AB to points. In fact, in that case, two directed lines /1 and /, passing
through A and B and differing only by direction go over to lines /| and /),
passing through A" and B’ and differing only by direction; since no circle
with nonzero radius can be tangent to both /{ and /), it follows that all points
of the line AB go over to points of the line A’B’ (see pp. 111-113). Hence
if a sequence of axial inversions takes three noncollinear points A, B, and
C to points, then it takes all points of the plane to points; in fact, if M is an
arbitrary point and N is the point of intersection of AM and BC (Figure
215), then N goes over to a point because it lies on the line BC, and M
goes over to a point because it lies on the line AN . It follows that there arise
the following four cases:

The sequence of axial inversions:

1° does not take any point of the plane to a point;

2° takes just the point O to a point (we will show below that this is
impossible);

3° takes to points the points of some line o (and no others);

4° takes all points of the plane to points.

The aim of the rest of the problem is to see which of these cases is taking
place, and, if it is the case 3° (the most relevant case; it turns out that 1° and
4° are ruled out), to find the line o, the required locus.

We consider an arbitrary line AB in the plane. Two (directed) lines /;
and [, passing through the points A and B and differing only by direction
go over to two new lines /{ and /5. We analyze separately all possibilities.

FIGURE 215
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(1) The lines /{ and /) also differ only by direction. Then all points
of the line AB go over to points of the lines /{ and /5 which coincide in
position in the plane. Therefore, the only possiblities that arise are 3° (in
which case o coincides with A B) or 4°. To clarify which of these two cases
obtains, it suffices to check whether an arbitrary point C, not on the line
AB, goes over to a circle or a point.

(2) The directed lines /{ and I, are parallel. This possibility can be
immediately rejected because the points of the line AB must go over to
circles tangent to /{ and [}, but (directed) circles tangent to parallel lines
don’t exist.

(3) The lines /] and /) are counterparallel; the points of the line AB go
over to circles with the same radius tangent to /{ and /) (Figure 216). Let
CD be an arbitrary line parallel to (but different from) A B; lines m; and
my passing through the points C and D and differing only by direction go
over to lines m/ and m}.

We consider various possibilities.

a. If m| and m/, differ only by direction, then we are back to possibility
(1); here 3° obtains and o coincides with CD.

b. The lines m and m/, cannot be parallel (see (2) above).

c. If m) and m/, are counterparallel, then the points of the line CD go
over to circles with equal radii tangent to m] and m/. Moreover, the line
of centers of these circles must be parallel to the line of centers of the
circles which are the images of the points of A B; otherwise we could find
a point of the line AB and a point of the line CD whose images would be
concentric circles—a possibility which contradicts the fact that the tangent
distance between these points must be equal to the distance between the
initial points (and so must exist). Further, if the radii of the latter circles are
equal (in terms of magnitude and sign) to the radii of the circles that are
the images of the points of the line AB (Figure 216a), then the points of
any line M N, where M is a pointof AB and N is a point of CD, go over
to circles that have no common tangents with the circles M| and N} with
equal radii; hence all points in the plane go over to circles with the same
radius, and thus case 1° obtains. On the other hand, if the points of the line
AB and the points of the line CD go over to circles with different radii
(Figure 216b), then the points of any line M N, where M is a pointof AB
and N is a point of CD, go over to circles which have common tangents
with the circles M’ and N’ with different radii; it follows that a point P of
the line M N goes over to a point P’; the position of P is determined by the
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FIGURE 216

fact that

MP  the tangent distance between the circle M’ and the point P’

NP the tangent distance between the circle N’ and the point P’
radius of M’
radius of N’

(Figure 216b). The locus of all such points P is the line o, parallel to AB
and CD; thus we are again back to the case 3°.

d. Finally, it is easy to show that the lines m/ and m/, cannot intersect
one another. Suppose they do, and suppose that points of the line CD go
over to circles tangent to the intersecting lines m/ and m/. Each of these
circles must have a definite tangent distance with each of the circles tangent
to /] and [ (this tangent distance is equal to the distance between the
corresponding points). Therefore the line of centers of all these circles (the
bisector of the angle formed by m/ and m’,) must be parallel to /| and [;,—if
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this were not so, then there would be among those circles a circle concentric
with one of the circles tangent to / and /. But also in this, the latter, case,
it would be possible to find two circles, one tangent to 7/ and m/, and the
other tangent to /{ and /,, with no tangent distance—for proof it is enough to
note that circles tangent to m’ and m/, can be arbitrarily large, and therefore
some of them include in their interiors circles tangent to /] and /, (Figure
216c¢).

(4) The lines /{ and /) intersect one another. In that case, a definite
point P of the line AB goes over to the point P’ of intersection of /| and
1}; it is easy to find P because its distance from 4 is equal to the tangent
distance of the point P’ and the circle A’ (which is the image of A). Then we
consider any other line CD not passing through the point P; the lines m;
and m, passing through C and D, will go over to the intersecting lines m/
and m/, (for the preceding analysis shows that if the lines /{ and /] intersect
one another, then the lines m and m/, cannot differ just by their directions
or be counterparallel). Thus it will be possible to find just one more point
QO which goes over to the point Q’; hence here the case 3° obtains and o
coincides with the line PQ.

72. This problem is close to problem 20 (it is its dual). Assume that our
problem has been solved and A, A> A3 ... A, is the required n-gon whose
vertices lie on the given lines /1, I, I3, ..., 1l,—1,1, (Figure 217). We sup-
pose all lines and circles appearing in the solution of this problem directed;
moreover, the directions of the circle S and the lines /1, /5,3, ...,1, can
be chosen arbitrarily. We apply successively n axial inversions with central

FIGURE 217
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lines!ly, [, 13, ..., l,—1, I, and the same directing circle S. These inversions
will take the side A,A; successively to A;As, AxAs, ..., An—1A4, and
finally again to A, A;. Thus we see that the totality of the n given axial
inversions takes the line A,A; to itself. Hence the problem is reduced
to finding the tangent A, A; to the circle S which is fixed by the given
sequence of axial inversions. We can continue along different paths.

First solution (close to the solution of problem 20). All points which
our sequence of axial inversions takes to points lie on a single line # whose
image is a line i’ (see problem 71).° Let M be the point of intersection
of h and A, A,. The n axial inversions take M to a point of the line A’;
since A1 A, goes over to itself, the point in question will be the point M’
of intersection of 4’ and A1 A,. Now, as in the solution of problem 20, we
must consider separately two cases.

1°. n is even. In this case the tangent distance of M and S is equal to
the tangent distance of M’ and S in magnitude and direction (see the text
in fine print on p. 13). Hence M coincides with M’; therefore this is the
point of intersection of & and /’. By drawing the tangent from M to S we
will obtain the side A1 A, of the required n-gon. If M lies outside S, the
problem has two solutions; if M lies on §, the problem has one solution; if
M lies inside S or & || A’, there is no solution. In the special case when &
coincides with 4’ the problem is undetermined.

2°. n is odd. In this case the tangent distance of M and S is equal
to the tangent distance of M’ and S in magnitude but is opposite to it in
direction; hence the problem is reduced to finding a tangent A,A; to S
whose segment between the known lines & and /' is halved by the point of
tangency of A, A; and S (Figure 218). In general, this is a very difficult
problem, but in our case it is greatly simplified by the fact that the lines h
and ' are equidistant from the center O of the circle S. In fact, if n is odd,
then the image of M, the point of intersection of & and /', is not M : our n
axial inversions take M to a point M of the line A’ and M is the image of
a point M5 of h. By property C of axial inversion, the (tangent) distances
M>M and M M, are equal; on the other hand, the tangent distance of M,
and § is equal to the tangent distance of M; and S. It follows that M,, M,
and M, lie on a circle ¥ concentric with S and the lines M; M and MM,
are equidistant from the center of S. Considerations of symmetry imply that
the required line A, A; is perpendicular to the bisector of the angle between
h and i’ (Figure 218). The problem has two solutions.

Second solution (close to the solution of problem 48). Let p,q, and r
be three arbitrary (directed) lines which our sequence of n inversions takes
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FIGURE 218

to three (directed) lines p’, ¢’, and r’; we denote the required line A1 Ay,
which coincides with its image, by x. Since an axial inversion preserves the
cross ratio of four lines (see problem 70), we have:

> > v o
in 2~ in 2~ in 2 i X
sin - sin 7= sin - sin S5

o~ . —~ - //\/ . q//; .
s qr . gx . q'r .
in%-  sin % r x
sin -5~ SN -3 sin‘5-  sin %5

Now let o be an arbitrary (directed) line in the plane. The latter equality
can be rewritten as follows:

PO _ (o T0 DO _ (a0 X0
tan 52 —tan 52 tan £ — tan ¥
q0 _ .70 q0 _ 0 X0
tan L2 —tan 22  tan L2 — tan ¥
tan 22 —tan 7% tan 22 — tan xo
— 2 2 . 2 2 (*)

’ : 7
r'o tanl? —tanX2

ao _
tan tan 55 >

2
(see the solution of problem 70). But this equality is a quadratic equation

%> we obtain the angle X0;
knowing the direction of the (directed) line x tangent to the (directed) circle
S we can easily obtain that line. Then it is a simple matter to construct the
remaining sides of the required n-gon. The construction is carried out with
ruler and compass.

Depending on the number of solutions of the quadratic equation (),
the problem has two solutions, one solution, or no solution (we leave it
to the reader to explain why the solution does not depend on the choice of
directions of the circle S and the lines I, [», ..., [).

in the unknown tan %>. After obtaining tan
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73. Guided by Theorem 2 (p. 120), we consider separately three cases.

1°. The circles S7 and S, have two common tangents (we suppose
all lines and circles directed). In that case we can take them by an axial
inversion to two points S; and S}; then Figure 112 will go over to Figure
219a. The fact that the tangents to the circles S7 and S} in that figure are
tangent to a single circle X’ follows from considerations of symmetry.

2°. Thecircles S; and S, have no common tangents. In that case we can
take them by an axial inversion to circles S and S’ which differ only by
direction; then Figure 112 will go over to Figure 219b (a circle of nonzero
radius cannot be tangent to S; and S}). The tangents to S; and S} differ only
by direction; they meet in the point X/, the image under the axial inversion
of the circle X tangent to the four common tangents to the initial circles Sy,
S», S3, and S4 which pass through their points of tangency.

FIGURE 219

3°. The case when the circles S; and S, are tangent to one another is
of no interest, for then all four circles Sy, S», S3, and S4 must be tangent to
one another in a single point and the four common tangents in the statement
of the theorem must coincide. [If every two of three directed circles S, S»,
and S3 are tangent to one another, then the three points of tangency must
coincide—no other cases of pairwise tangency of three nondirected circles
can satisfy the conditions of tangency of directed circles.]

74. (a) We suppose the circles S; and S, and the line / directed and
consider separately three possible cases.

1°. The circles S7 and S, have no common tangents. In that case we
can take them by an axial inversion to circles S{ and S} which differ only
by direction (see Theorem 2 on p. 120); suppose that here the line / goes
over to a line [’. The required circle X goes over to a circle X’ tangent to
S1, S5, and !’ (or to a point X’ common to S}, S5, and /). But a circle with
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nonzero radius cannot be simultaneously tangent to two circles which differ
only by direction; hence X’ is the point of intersection of S and /’. After
obtaining ¥’ we can also construct the required circle X, which corresponds
to the point ¥’ under the required axial inversion.

The problem has two solutions, one solution, or no solution.

2°. The circles S and S, have one common tangent (are tangent to one
another). In that case, we can take them by an axial inversion to a point S|
and a circle S} passing through it; here let / go over to some line /’. The
required circle ¥ will go over to a circle X’ tangent to S} at the point S}
and tangent to ['; it is not difficult to construct X’ (its center lies on the line
OS7, where O is the center of S/, and on the bisector of the angle formed
by /’ and the tangent to S, at the point S7). The problem can have up to two
solutions; if / is tangent to S) at S7 (that is, S, S, and [ are tangent in a
single point), then the problem is undetermined.

3°. The circles S; and S, have two common tangents. In that case, we
can take them by an axial inversion to two points S7 and S}; the required
circle ¥ will go over to a circle ' passing through the points S| and S,
and tangent to the known line /’. This circle is easy to construct (see, for
example, the solution of problem 36(a)); the problem can have up to two
solutions.

Since the directions of S7, S», and / can be chosen in different ways, the
problem, if its solution is determined, can have up to eight solutions (see
the solution of problem 60).

(b) First solution (close to the solution of problem 26(a) in Section 2).
We suppose the circles Sy, S», and S3 directed and consider separately a
number of cases.

1°. The circles Sy and S, have no common tangents. In that case, we
can take them by an axial inversion to circles S| and S} which differ only
by direction. If the image of S3 is S}, then the image of the required circle
¥ is the point X’ of intersection of S| and S, (see the solution of problem
(a)). The problem has up to two solutions.

2°. The circles S and S, have one common tangent (are tangent to one
another). In that case, we can take S; and S, by an axial inversion to a point
S1 and a circle S} passing through it; suppose that here S3 goes over to S3.
The required circle ¥ goes over to a circle ¥’ tangent to S, at the point S}
and tangent to the circle S5. X’ is easily constructed. [Its center lies on the
line OS {, where O is the center of S {; it is equidistant from the center 0
of the circle S} and from a point A on the line OS] such that S] A4 is equal
to the radius of S3.]
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3°. The circles S; and S, have two common tangents. In that case, we
can take them by an axial inversion to two points S7 and S5; let S3 go over to
acircle S%. The required circle ¥ will go over to a circle X’ passing through
the points S| and S} and tangent to the circle S} (see problem 36(a)). The
problem has up to two solutions.

Since the directions of S, S», and S3 can be chosen in different ways,
the problem has up to eight solutions.

Second solution (close to the solution of problem 26(a)). Let X be the
required circle and a;, a, and a3 the common tangents of ¥ and S;, ¥
and S, and ¥ and S3; all circles and lines are supposed directed (Figure
220). Clearly, the lines a; and a, intersect at the point M of the radical
axis 01 of the circles Sy and S, (for the tangents drawn from M; to S; and
S, are equal, because they are tangents drawn from M to ¥), and the axial
inversion with axis 07, which takes S; to S,, takes a; to a. In much the
same way, the axial inversion whose axis is the radical axis o, of the circles
S and S3, which takes S, to S3, takes a, to as; the axial inversion whose
axis is the radical axis o3 of the circles S3 and S1, which takes S3 to Sy,
takes a3 to aj. Thus the sequence of three axial inversions takes the line
a; to itself. We can obtain the line a¢; in a manner similar to the solution
of problem 72; after finding a; we can easily construct the required circle
Y. The problem of obtaining a@; can have up to two solutions; since the
directions of Sy, S», and S3 can be chosen in different ways, the problem
has up to eight solutions.

g,
P
rs

FIGURE 220
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75. (a) We apply an axial inversion which takes the circles S and S> to
circles S7 and S’ which differ only by direction (see Theorem 2 on p. 120);
let the image of S3 be the circle (or point!) S%. The required circle X goes
over to a circle X’ such that the tangent distances of X’ and S, ¥’ and SJ,
and X’ and S g are a, b, and c. Let d be the distance between the centers of
>’ and S7, r the (unknown) radius of X', and r; the radius of S (as well as
of S)). The relation () on p. 90 implies that

d’>—(r—r)?=a% d?>—(r+r)? =052

whence

(r+ r1)2 —(r— r1)2 = 4rry = a? — b*%;

this relation enables us to determine the radius r of the circle .

Now we apply a contraction by r. Let the images of the circles S7, S,
and S be the circles S, S5, and S5, and let the image of the circle X’ be
apoint . Since we are given the tangent distances a, b, and ¢ of the point
Y" and the three known circles S{, S7, and S, it is easy to find X" by
using the fact that the locus of points such that their tangent distance from
a circle S is constant is a circle S concentric with S (to construct S we
need only lay off on some tangent to S’ a segment of given length); then we
construct the circle X', and, finally, the circle . The problem of obtaining
> can have two solutions, one solution, no solution, or be undetermined.
Since the directions of S;, S», and S3 can be chosen in different ways, the
problem has up to eight solutions.

Remark. If we are to use an axial inversion in the solution of the problem, then
S'1 must not be in the interior of S». We leave it to the reader to look into this issue.

(b) This problem can be easily reduced to the previous one. In fact, let
a circle X with center O intersect the known circle S; with center O; at an
angle «; and let N denote a point of intersection of S; and X (Figure 221).
The tangent NM to the circle X at the point N forms with the radius O; N

FIGURE 221
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of the circle S; a known angle 90° — «1; the distance O1 M of the point O,
from this tangent is also known (O1 M = rj cos a1, where r; is the radius
of S1). We draw the circle S| with center O; and radius O; M = rq cosaj.
Then the segment of the common tangent of S1 and X is r; sinay, that
is, the tangent distance of the circle ¥ and the circle S, (which can be
constructed if we know the circle S; and the angle 1) is equal to ry sin ;.

Thus we see that the circle X, which intersects the three given circles
S1, 82, and S3 with radii 71, r», and r3 at given angles o, op, and a3, has
known tangent distances with three other known circles Sy, S», and S3
(concentric with the circles Sy, S, and S3); moreover, if S lies inside S,
and 90° > o > B, then S lies inside S», and the solution of problem (b)
is reduced to the solution of problem (a).

76. The circles S; and S5 can be taken by an axial inversion to circles S {
and S’, which differ only by direction (see Theorem 2 on p. 120; the circles
S1, 82, 83, and Sy are supposed directed). Let the images of the circles S3
and S, be circles Sé and S fl, and let the image of the required circle ¥ be
a new circle (or point) X’ (Figure 222). The fact that the tangent distances
of ¥’ and each of the circles S| and S, which differ only by direction, are
equal, implies that X’ is a point (a “circle of zero radius”; see the relation
(*) on p. 90). Since the tangent distances of this point and each of the circles
S1 and S} are equal, X' is on the radical axis r; of the circles S{ and S} (see
Section 3); in much the same way we show that ¥’ is on the radical axis r,
of the circles S and S;. Hence X' is the radical center of Sy, S», S3, and
S4 (see p. 53). After finding X’ we can easily construct the circle X. This
problem has a unique solution; if we suppose the circles Sq, S», S3, and S4
nondirected, then, in view of the freedom of choice of their directions, the
problem can have up to eight solutions.

Remark. We can use an axial inversion to solve this problem even if the circle
Sy is not in the interior of S5 (see XVI’ on p. 128).

FIGURE 222
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Notes to Section 5

1 The directed tangent circles S; and ¥ cannot have the same radii (in both
magnitude and sign)—if they did, they would coincide. Hence the dilatation
which takes S to the point S7 cannot take X to a point.

2 This formula is applicable here for the point S is in the interior of all
the circles S,, S3, and S4 (this follows from the fact that one can draw a
tangent from the point S] to, say, the circle S,; property C of a dilatation
implies that the length of the segment of this tangent between S; and the
point of tangency is t12).

3 When solving this problem it is natural to have proved the theorem
in problem 50 without using an inversion (for proofs using inversion see
the solutions of problems 50 and 62). The fact that we make use of
Ptolemy’s theorem does not contradict this requirement, for it is easy to
prove Ptolemy’s theorem without the use of inversion (see, for example, the
solution of problem 62(c) on p. 77 in NML 21).

4 To claim definitely that the circles S; and 'S coincide, we must show
that the tangent distances of S and S and of S, and S are the same not only
in magnitude but also in direction (see p. 13; otherwise one might think that
S is tangent to AB and DE at points symmetric to the points of tangency
of S; with these same lines with respect to the points of tangency of AB
and DE with the circle S). But this is easy to prove. In fact, three successive
axial inversions take AB to DE (AB goes over to BC, then to CD, and,
finally, to DE). The tangent distance between S and S, measured on the
common tangent BC is opposite to the tangent distance between S and S
measured on AB (see the remark on p. 13); the tangent distance between
S and S, measured on CD has the same direction as the tangent distance
between S and S; measured on A B; finally, the tangent distance between
S and S; measured on DE is opposite to the tangent distance between S
and S measured on A B (see Figure 209). This implies that the segments of
the common tangent A B between S and S; and between S and S; coincide
not only in magnitude but also in direction, which means that 'S coincides
with Sj.

> What follows is one of the simplest proofs of this fact. Assume that
P,0, > P,Si; then 0,8, > S5S] (no proof is needed if all sides of
S1P>Q, S} are equal). On P, Q> and S, 0> we lay off segments P, X =
P,S{ and S;Y = S,87 (Figure 211); then Q,X = Q.Y (for S|S); +
P,Q> = S{P, + S,0Q>), and the bisectors of the angles P, S), and Q>
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FIGURE 211

of the quadrilateral S7 P, QS are perpendicular to the sides of the triangle
S{XY at their midpoints; the common point of these three angle bisectors
is equidistant from all sides of the quadrilateral S| P, 0, S5, and is therefore
the center of its incircle.

We note that our argument starts from Figure 210a; to make it indepen-
dent of the drawing we must use the notion of directed segments (see pp. 20
and 21 in NML 8).

6 To make our argument independent of the drawing we must use the
notion of directed segments.

7 See Note 6.
8 See Note 6.

% If our sequence of axial inversions takes all points in the plane to points,
then it is a similarity transformation (see Theorem 3 on p. 128). Since
this transformation takes the circle S to itself, it is an isometry, namely,
a rotation about the center O of S (in which case the problem has no
solution) or a reflection in a diameter of S (in that case A A, is the tangent
s perpendicular to d, and the problem has two solutions). If our sequence
of axial inversions takes no point in the plane to a point, then it takes all
points to circles with the same radius (see the solution of problem 71);
the same Theorem 3 implies that the transformation is a spiral similarity
followed by a dilatation. Since this transformation must take s to itself, it
is a centrally-similar rotation with center O followed by a dilatation; the
problem has no solution if the angle of rotation is different from zero and is
undetermined in the opposite case.

Supplement

77. Let ABC be a curvilinear triangle formed by three circles S1, S», and
S3 perpendicular to the circle X; let S1, S5, and 33 be three other circles
perpendicular to X, passing through the vertices of the triangle ABC and
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(a)
FIGURE 223

bisecting its angles; then 51, S5, and §3 meet in a point (Figure 223a; the
triangle ABC is in the interior of X).

For proof apply a hyperbolic motion (a circular transformation that takes
the interior of X to itself) which takes the point of intersection of the circles
S, and S5 (located in the interior of X) to the center O of ¥; then the
circles S, and S'3 will go over to diameters 3/2 and 3/3 of the circle I. In
Figure 223b the diameter E; forms equal angles with the circles S5 and S7,
perpendicular to X, and the diameter E; forms equal angles with the circles
S1 and S5, perpendicular to X; this implies that S coincides with the circle
S{, obtained from S| by reflection in the line S, and S/, coincides with the
circle S/, obtained from S| by reflection in the line S’5. Hence the radii of
the circles S7, S5, and S are equal. But then S} coincides with the circle
S7, obtained from S, by reflection in the line OA’ (for among the circles
perpendicular to X passing through a given point A’ no three have the same
radius; see Figure 126, p. 144). Hence OA’ forms equal angles with S, and
S} that is, OA’ coincides with the circle Br line) F/l, whic_l} is_t/he ime%e
under our hyperbolic motion of the circle S;. The fact that S|, S,, and S5
meet in a common point O implies that S, S5, and S3 meet in a common
point.

78. Let S1, S, and S3 be three circles perpendicular to a circle ¥ such
that S, and S3 form equal angles with S1; then, using the notations in Figure

224a, we have
AQ AP AT AR
BQ BP CT CR
For proof take the point A by a hyperbolic motion to the center of the
circle X. Then Figure 224a goes over to Figure 224b. Since the lines S} and

S cut the circle S at equal angles, it follows that they are symmetric with
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FIGURE 224

respect to the line joining O with the center O] of the circle S{. But then
considerations of symmetry imply that OB’ = OC’, so that

0Q" OP’ OT'" OFR

B/Q/ : B’ P’ = C'T’ : C/R/'

This is so because all segments on the right side of the equality are equal to
appropriate segments on its left side. It remains to use the fact that circular
transformations preserve the ratio of four points.

Remark. It is not difficult to see that the line O O bisects the angle B'OC’, is
perpendicular to S, and bisects the arc B’C” of the circle S{. From this it follows

directly that in an isosceles hyperbolic triangle the median, the angle bisector, and
the altitude, drawn from the vertex opposite to the base, are coincident.

79.(a) Aninversion with center at the point P takes Figure 132ato Figure
225a; here we used dotted lines to draw the hyperbolic perpendiculars
dropped from the points of the line R’S’ to the line P’Q’. All assertions
of the problem follow directly from this figure (to show that the distances
from the points of the line RS to the line PQ grow on both sides of the
point B we need only note that

MKy MLy _AKy ALy A AaL;)
nKy Tk, LK, Tl LK Tl
(b) An inversion with center at the point P takes Figure 132b to Figure
225b, which implies all the assertions of the problem (we note that

AKy ALy ALK, AL, ALK A'ZL'Z)
K, TLy ;K TLy - T3K; TiL
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FIGURE 225

(¢) Aninversion with center at the point P takes Figure 132c to Figure
225c, which implies all the assertions of the problem (we note that
—/ —/
AKy ALy _AKy AL, ALK A’zL’z)
nKy Tl LK, Tl LK Tl

80. We take the point of intersection of the altitudes AK and BL of the
acute-angled triangle ABC by a hyperbolic motion to the center of the
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A

FIGURE 226

circle K (the altitudes of an acute-angled triangle must meet in a common
point in its interior; see the beginning of the solution of problem 104 in
NML 24, p. 227); this brings us to Figure 226. Let O}, 05, and O} be the
centers of the circles S, S5, and S5 (which form the triangle A’B’C’) and
let rq, r2, and r3 be their radii; further, let 010} = d3, 0105 = d, and
0; Og = d. The center O of the circle X is the radical center of the circles
S1, S5, and S} perpendicular to X (see pp. 55 and 53-53). The line OA’ is
the radical axis of S and S} (their common chord); since it is perpendicular
to 87, O lies on that line. Thus O7 has equal powers with respect to S} and
S4; hence d32 — r22 = d22 — r32, or d22 + r22 = d32 + r32. In much the same
way we show that d? + r? = d? + r2. Hence

2, .2 _ g2 2 2_ 2 _ g2 .2
di +ri=d5+ry, di —ry=d;—ryi,

that is, the center O of the circle S} has the same powers with respect
to S} and S, and thus lies on their radical axis OC’; this implies that
OC'’ is perpendicular to Sj;. Hence the lines OA’, OB’, and OC’ are the
(hyperbolic) altitudes of the triangle A’ B’C’, that is, the three altitudes meet
in a common point; this implies that the altitudes of the initial triangle ABC
also meet in a common point.

If the triangle ABC is obtuse but the altitudes AK and BL meet in a
common point, then the proof remains valid; that is, in that case all three
altitudes meet in a common point. But it can happen that the altitudes AK
and BL have no point in common; then the theorem fails (see the solution
of problem 104 in NML 24, p. 227).
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81. We use a hyperbolic motion to move the vertex A of an arbitrary
triangle ABC to the center O of the circle 3; then the triangle ABC goes
over to the triangle OB’C’ shown in Figure 227. Clearly, the sum of the
angles of the triangle OB’C’ (which is equal to the sum of the angles of
the triangle ABC) is smaller than the sum of the angles of the rectilinear
triangle with the same vertices, that is, it is less than 180°.

5

£\

D

FIGURE 227

82. We take the vertex A of the first triangle A B C by a hyperbolic motion
to the center O of the disk K; we move the second triangle A; B;C; by a
hyperbolic motion so that its vertex A; coincides with the same point O and
its sides are on the corresponding sides of the first triangle (this is possible
because the angles A and A; are equal). If the triangles ABC and A; B1C;
were not congruent, then we would obtain either Figure 228a or Figure
228b. But in Figure 228a the sum of the angles of the triangle B’ B D is
greater than 180° (for ZDB|B’ + £ZDB’'B} = ZDB|B’ + 4ZDB|O0 =
180°), which is impossible by the result of the previous problem; in Figure

(b)

FIGURE 228
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228b the sum of the angles of the quadrilateral B'C'C{ B is 360° (for
/B|B'C' = 180° — /B’ = 180° — ZB'B|C], /C/C'B’ = 180° —
ZC’ = 180° — ZC'C{By), and one of the two triangles into which the
quadrilateral B’C’C] B is divided by its diagonal has an angle sum which
is > 180°. This contradiction proves the congruence of our triangles.

83. Follows directly from the fact that one can circumscribe just one circle
about any triangle.

84. (a) Follows from the result of problem 35 in NML 21, p. 44.

Remark. Inhyperbolic geometry we have a far more general theorem, which is
a consequence of the proposition in problem 7(a) in Section 1 (see also the remark
in the solution of problem 89).

(b) Follows from the result of problem 3 in Section 1.

85. Follows from the result of problem 2(a) in Section 1.

Remark. Similarly, the locus of points of intersection of perpendicular cycles
S1 and S7, tangent to a fixed cycle S at two of its given points A and B, consists of
two cycles (see problem 5 in Section 1).

86. Follows from the result of problem 5 in Section 1.

87. Clearly, there is no difference between a hyperbolic pencil of cycles
and a Euclidean pencil of circles (see Section 3), except that the definition
of hyperbolic points forces us to consider not complete circles but only their
arcs in the interior of the disk K (however, see the Remark in the solution of
problem 89). Hence the last assertion in the problem follows directly from
the results in Section 3 (see pp. 46-50).

An elliptic pencil of circles is defined by giving the points P and Q
through which all circles of the pencil pass. Hence in hyperbolic geometry
there are six different “elliptic pencils of cycles” corresponding to the six
variants of the location of the points P and Q:

1°. P and Q are in the interior of K;

2°. P isin the interior of K and Q is on the circle X;

3°, P isin the interior of K and Q is outside K

4°, P and Q are on the circle X (see Figure 133b on p. 152);

5°. P is on the circle ¥ and Q is outside K;

6°. P and Q are outside K.

A hyperbolic pencil of cycles can be defined as a pencil perpendicular
to an elliptic pencil. Hence to the six types of “elliptic pencils of cycles”
there correspond six types of “hyperbolic pencils of cycles.” Nevertheless,
it is useful to single out one more special case, namely, the case where the
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circle ¥ itself belongs to the pencil under consideration (see Figure 133a
on p. 151); the elliptic pencil of type 3°, perpendicular to this pencil, is
characterized by the fact that the points P and Q are symmetric with respect
to the circle X—there is a definite viewpoint which tells us that this type of
“elliptic pencil of cycles” should also be regarded as special. Thus we have
a total of seven types of “hyperbolic pencils of cycles.”

Finally, a parabolic pencil of circles is characterized by prescribing a
point A and a line / passing through A—all circles of the pencil are tangent
to / at A. This yields the following six “parabolic pencils of cycles” in
hyperbolic geometry:

1°. A lies inside K;

2°. A lies on X and [ intersects X (see Figure 133c on p. 153);

3°. Alieson ¥ and / is tangent to X;

4°. A lies outside K and / intersects X;

5°. A lies outside K and [ is tangent to X;

6°. A lies outside K and / has no points in common with X.

Thus we have a total of 6 + 7 + 6 = 19 different types of pencils of
cycles. We suggest that the reader should make appropriate drawings and
determine the kinds of cycles in each of the 19 pencils.

88. We consider two pencils of cycles of hyperbolic geometry: the pencil
TI, consisting of all cycles perpendicular at the same time to S; and S,
and the pencil IT perpendicular to TI (and therefore including the cycles
Sy and S,). We assume that among the cycles of the pencil II there are
non-Euclidean circles; let S; and S, be two such circles, and let r be the
line of centers of these two circles. It is always possible to take r by a
hyperbolic motion to a diameter of the circle X; then r will be a hyperbolic
line (Figure 229).

The line r is perpendicular to S and S,; hence it belongs to the pencil
I1. This implies that all cycles of the pencil IT are perpendicular to r; but
then the centers of all circles of the pencil IT lie on r.

If the cycles S and S, intersect one another, then all cycles of the pencil
IT pass through their points of intersection; hence in that case the radical
axis r also passes through these two points (and therefore coincides with

the common chord of S and S5).

Remark. It is possible to show that the radical axes of three cycles S1, Sz,
and S3 taken two at a time always belong to a single pencil of hyperbolic lines.
In particular, if two radical axes meet in a point Z, then the third radical axis also
passes through that point. In that case, the point Z is called the radical center of the
three cycles S1, Sz, and S3.
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89. (a) Follows from Theorem 1 on p. 3.

(b) Follows from properties B and C of a reflection in a circle (see
Section 1).

Remark. One should keep in mind that a reflection in a cycle S is not a
transformation of hyperbolic geometry which takes every point to some point. For
example, a reflection in the circle S in Figure 230 takes the exterior of S to the
annulus between the circles S and o (0 is symmetric to X with respect to S); as for
the points in the interior of o, no points are their images under our transformation
(for example, the image of the equidistant S; under reflection in S is the arc P’ Q’
of the circle S7). This fact greatly complicates all arguments involving reflections
in cycles.

Our present difficulty is similar to the difficulty which we encountered in Section
5 when defining a dilatation by a negative quantity —a (see p. 85)—here some points

FIGURE 230
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do not go over to any points and there some circles (with radii smaller than a) did not
go over to any circles. This awkwardness can be eliminated in much the same way as
the awkwardness in Section 5. Namely, we will regard all hyperbolic points as being
double points, that is—just as in Section 5—we will speak of directed points, points
with an assigned “direction of rotation,” either clockwise or counterclockwise (this
can be indicated by an arc with an arrow). Further, we will stipulate that all points of
the disk K have a counterclockwise direction of rotation, and that points that differ
only by their direction of rotation are symmetric with respect to the circle X. If, in
addition, we stipulate that the points of X are at infinity (we do not assign to these
points a direction of rotation), then the set of all points of hyperbolic geometry will
coincide with the set of points of the plane (supplemented by the “infinitely distant
point,” directed counterclockwise, corresponding to the center of the disk K). We
can now regard the cycles of hyperbolic geometry as directed; moreover, a (directed)
point A can be viewed as belonging to a directed cycle S only if the direction of
rotation of A agrees with the direction of rotation associated with motion on the
cycle S (see the schematic Figure 231 in which the point A belongs to the cycle S
and the point B does not).

FIGURE 231

Now by an equidistant with axis PQ we mean the locus of points at a constant
distance from the line PQ and located on both sides of PQ; moreover, the upper
and lower branches of the equidistant must be oppositely directed (see the schematic
Figure 232a); the equidistant is represented by a complete circle intersecting X
(Figure 232b). We will include in the set of cycles lines without assigning to them

(a) (b)
FIGURE 232
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directions (this is similar to what we did in Section 5, where we assigned no direction
to points!) and the (also undirected) “infinitely distant circle” 3. Then the totality
of cycles of hyperbolic geometry will coincide with the totality of circles and lines
in the plane.

With this extension of the meaning of “point of hyperbolic geometry” and “cycle
of hyperbolic geometry,” a reflection in a cycle becomes a transformation which
takes every (directed or infinitely distant) point to a new (directed or infinitely
distant) point, and every cycle to a new cycle. It is natural to call transformations
of hyperbolic geometry which take cycles to cycles circular transformations; and
transformations which take lines to lines—linear transformations. Then we have the
following two-part theorem, completely analogous to Theorems 1 and 2 in Section
4 (p. 73): Every transformation of hyperbolic geometry which is circular and linear
is a hyperbolic motion, and every circular transformation which is not linear can be
realized by a reflection in a cycle S possibly followed by a hyperbolic motion.? To
prove the first of these theorems we need only note that every circular transformation
which takes ¥ to itself is a hyperbolic motion (see the definition of a hyperbolic
motion on p. 143). Now suppose that a circular transformation K takes ¥ to a cycle
0, and let the circles X and o be symmetric with respect to a circle S (see the text
in fine print on p. 10). Then the circular transformation K can be represented as
a product of a reflection in S and some circular transformation K which takes X
to itself (compare this argument with the proof of Theorem 2 on pp. 74-76). Now
to complete the proof of the first of the stated theorems it suffices to note that a
reflection in a cycle S which is not a line and not the circle £ cannot take all lines
of hyperbolic geometry to lines.

The introduction of directed points into circular transformations is convenient
not only in the theory of circular transformations but also in many other questions
connected with cycles. For example, in the statement of the theorem in problem 84
we need no longer require that some two of the cycles S;, S, S3, and S4 should
intersect one another in two points—this condition is automatically satisfied; also,
the introduction of directed points markedly simplifies the statements of fairly com-
plicated theorems, such as those mentioned in the Remark following the solution of
problem 84.

In analogy to point circular transformations—transformations on the set of di-
rected points which take cycles (including nondirected lines) to cycles—one could
also study axial circular transformations, that is, circular transformations on the set
of directed lines which take cycles (including nondirected points) to cycles. The the-
ory of axial circular transformations of hyperbolic geometry has much in common
with the theory of point circular transformations. [In this connection see the paper:
I. M. Yaglom, Projective measures on the plane and complex numbers. Proceedings
of the seminar on vector and tensor analysis, issue VII, M.-L. Gostekhizdat, 1949;
this is a rather advanced paper intended for suitably qualified readers.]
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Notes to Supplement

1 We introduced the notion of directed cycles in order to establish the
directions of the points belonging to such a cycle; the direction of the arrow
on the arc around the point, drawn on the convex side of the cycle, must
coincide with the direction of the cycle (see Figure 231). However, since
a line is not convex, we cannot assign a direction to its points (see the
schematic Figure 233a). It follows that we must regard lines as undirected
and their points as double; this means that a line is represented by a
complete circle perpendicular to the circle £ (Figure 233b).

(a) (b)
FIGURE 233

2 Hence in hyperbolic geometry all circular transformations are reduced,
in a specific sense, to the following three fundamentally different types of
transformations: (a) reflection in a circle; (b) reflection in a horocycle; (c)
reflection in an equidistant.

A hyperbolic motion discussed in the text can be followed by a reversal
of the direction in which we go around each point (to this transformation
there corresponds a reflection in the circle ).
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